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Gaudin model and opers
Edward Frenkel
Abstract. This is a review of our previous works [FFR, F1, F3] (some of them
joint with B. Feigin and N. Reshetikhin) on the Gaudin model and opers. We
define a commutative subalgebra in the tensor power of the universal envelop-
ing algebra of a simple Lie algebra g. This algebra includes the hamiltonians
of the Gaudin model, hence we call it the Gaudin algebra. It is constructed as
a quotient of the center of the completed enveloping algebra of the affine Kac-
Moody algebra ĝ at the critical level. We identify the spectrum of the Gaudin
algebra with the space of opers associated to the Langlands dual Lie algebra
Lg on the projective line with regular singularities at the marked points. Next,
we recall the construction of the eigenvectors of the Gaudin algebra using the
Wakimoto modules over ĝ of critical level. The Wakimoto modules are nat-
urally parameterized by Miura opers (or, equivalently, Cartan connections),
and the action of the center on them is given by the Miura transformation.
This allows us to relate solutions of the Bethe Ansatz equations to Miura
opers and ultimately to the flag varieties associated to the Langlands dual
Lie algebra Lg.
Introduction
Let g be a finite-dimensional simple Lie algebra over C and U(g) its universal
enveloping algebra. Choose a basis {Ja}, a = 1, . . . , d, of g, and let {J
a} the dual
basis with respect to a non-degenerate invariant bilinear form on g. Let z1, . . . , zN
be a collection of distinct complex numbers.
The Gaudin Hamiltonians are the following elements of the algebra U(g)⊗N :
(0.1) Ξi =
∑
j 6=i
d∑
a=1
J
(i)
a Ja(j)
zi − zj
, i = 1, . . . , N,
where for A ∈ g we denote by A(i) the element of U(g)⊗N which is the tensor
product of A in the ith factor and 1 in all other factors. One checks easily that
these elements commute with each other and are invariant with respect to the
diagonal action of g on U(g)⊗N .
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For any collection M1, . . . ,MN of g-modules, the Gaudin Hamiltonians give
rise to commuting linear operators on
⊗N
i=1Mi. We are interested in the diago-
nalization of these operators. More specifically, we will consider the following two
cases: when all of theMi’s are Verma modules and when they are finite-dimensional
irreducible modules.
It is natural to ask: are there any other elements in U(g)⊗N which commute
with the Gaudin Hamiltonians? Clearly, the N -fold tensor product Z(g)⊗N of the
center Z(g) of U(g) is the center of U(g)⊗N , and its elements obviously commute
with the Ξi’s. As shown in [FFR], if g has rank grater than one, then in addition
to the Gaudin Hamiltonians and the central elements there are other elements in
U(g)⊗N of orders higher than two which commute with the Gaudin operators and
with each other (but explicit formulas for them are much more complicated and
unknown in general). Adjoining these “higher Gaudin Hamiltonians” to the Ξi’s
together with the center Z(g)⊗N , we obtain a large commutative subalgebra of
U(g)⊗N . We will call it the Gaudin algebra and denote it by Z(zi)(g).
The construction of Z(zi)(g) will be recalled in Section 2. The key point is
the realization of U(g)⊗N as the space of coinvariants of induced modules over the
affine Kac-Moody algebra ĝ on the projective line. Using this realization, we obtain
a surjective map from the center of the completed universal enveloping algebra of
ĝ at the critical level onto Z(zi)(g).
The next natural question is what is the spectrum of Z(zi)(g), i.e., the set of all
maximal ideals of Z(zi)(g), or equivalently, algebra homomorphisms Z(zi)(g)→ C.
Knowing the answer is important, because then we will know how to think about
the common eigenvalues of the higher Gaudin operators on the tensor products⊗N
i=1Mi of g-modules. These common eigenvalues correspond to points of the
spectrum of Z(zi)(g).
The answer comes from the description of the center of the completed uni-
versal enveloping algebra of ĝ at the critical level. In [FF2, F2] it is shown that
the spectrum of this center (more precisely, the center of the corresponding vertex
algebra) is canonically identified with the space of the so-called LG-opers, where
LG is the Langlands dual Lie group to g (of adjoint type), on the formal disc. This
result leads us to the following description of the spectrum of the algebra Z(zi)(g)
of higher Gaudin Hamiltonians: it is the space of LG-opers on P1 with regular
singularities at the points z1, . . . , zN and ∞.
We obtain this description from some basic facts about the spaces of coinvari-
ants from [FB]. Recall that the space of coinvariants HV (X ; (xi); (Mi)) is defined
in [FB] for any (quasi-conformal) vertex algebra V , a smooth projective curve
X , a collection x1, . . . , xn of distinct points of X and a collection of V -modules
M1, . . . ,Mn attached to those points. Suppose that V is a commutative vertex
algebra, and so in particular it is a commutative algebra. Suppose that the spec-
trum of V is the space S(D) of certain geometric objects, such as LG-opers, on the
disc D = SpecC[[t]]. Then a V -module is the same as a smooth module over the
complete topological algebra U(V ) of functions on S(D×), which is the space of
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our objects (such as LG-opers) on the punctured disc D× = SpecC((t)). Suppose
in addition that each V -module Mi is the space of functions on a subspace Si of
S(D×) (with its natural FunS(D×)-module structure). Then the space of coin-
variants HV (X ; (xi); (Mi)) is naturally a commutative algebra, and its spectrum
is the space of our objects (such as LG-opers) on X\{x1, . . . , xn} whose restriction
to the punctured disc D×xi around xi belongs to Si ⊂ S(D
×
xi), i = 1, . . . , n.
For example, if g = sl2, then
LG = PGL2, and PGL2-opers are the same
as second order differential operators ∂2t − q(t) acting from sections of the line
bundle Ω−1/2 to sections of Ω3/2. A PGL2-oper on P
1 with regular singularities at
z1, . . . , zN and ∞ may be written as the Fuchsian differential operator of second
order with regular singularities at z1, . . . , zN ,
∂2t −
N∑
i=1
ci
(t− zi)2
−
N∑
i=1
µi
t− zi
,
satisfying the condition
∑N
i=1 µi = 0 that insures that it also has regular singularity
at ∞. Defining such an operator is the same as giving a collection of numbers
ci, µi, i = 1, . . . , N , such that
∑N
i=1 µi = 0. The set{
ci, µi, i = 1, . . . , N
∣∣∣∣∣
N∑
i=1
µi = 0
}
,
is then the spectrum of the Gaudin algebra Z(zi)(g), which in this case is the
polynomial algebra generated by the Casimir operators Ci =
1
2
∑
a J
(i)
a Ja(i), i =
1, . . . , N , and the Gaudin Hamiltonians Ξi, subject to the relation
∑N
i=1 Ξi = 0. In
other words, the numbers ci record the eigenvalues of the Ci’s, while the numbers
µi record the eigenvalues of the Ξi’s.
For a general simple Lie algebra g, the Gaudin algebra ZN(g) has many
more generators, and its spectrum does not have such a nice system of coordinates
as the ci’s and the µi’s in the above example. Therefore the description of the
spectrum as a space of LG-opers is very useful. In particular, we obtain that
common eigenvalues of the higher Gaudin Hamiltonians are encoded by LG-opers
on P1, with regular singularities at prescribed points. These LG-opers appear as
generalizations of the above second order Fuchsian operators.
Next, we ask which points in the spectrum of Z(zi)(g) might occur as the
common eigenvalues on particular tensor products
⊗N
i=1Mi. We answer this ques-
tion first in the case when eachMi admits a central character: namely, it turns out
that the central character of Mi fixes the residue of the
LG-oper at the point zi.
We then show that if all g-modulesMi are finite-dimensional and irreducible, then
the LG-opers encoding possible eigenvalues of the higher Gaudin Hamiltonians in⊗N
i=1Mi necessarily have trivial monodromy representation.
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We conjecture that there is a bijection between the eigenvalues of the Gaudin
Hamiltonians on
⊗N
i=1Mi, where the Mi’s are irreducible finite-dimensional g-
modules, and LG-opers on P1 with prescribed singularities at z1, . . . , zN ,∞ and
trivial monodromy.
Thus, we obtain a correspondence between two seemingly unrelated objects:
the eigenvalues of the generalized Gaudin Hamiltonians and the LG-opers on P1.
The connection between the eigenvalues of the Gaudin operators and differential
operators of some sort has been observed previously, but it was not until [FFR, F1]
that this phenomenon was explained conceptually.
We present a more geometric description the LG-opers without monodromy
(which occur as the eigenvalues of the Gaudin Hamiltonians) as isomorphism
classes of holomorphic maps from P1 to LG/LB, the flag manifold of LG, sat-
isfying a certain transversality condition. For example, if LG = PGL2, they may
be described as holomorphic maps P1 → P1 whose derivative vanishes to prescribed
orders at the marked points z1, . . . , zN and ∞, and does not vanish anywhere else
(these orders correspond to the highest weights of the finite-dimensional represen-
tations inserted at those points).
If the LG–oper is non-degenerate (in the sense explained in Section 5.2),
then we can associate to it an eigenvector of the Gaudin Hamiltonians called a
Bethe vector. The procedure to construct eigenvectors of the Gaudin Hamiltonians
that produces these vectors is known as the Bethe Ansatz. In [FFR] we explained
that this procedure can also be understood in the framework of coinvariants of
ĝ-modules of critical level. We need to use a particular class of ĝ-modules, called
the Wakimoto modules.
Let us recall that the Wakimoto modules of critical level are naturally pa-
rameterized by objects closely related to opers, which we call Miura opers. They
may also be described more explicitly as certain connections on a particular LH-
bundle Ω−ρ on the punctured disc, where LH is the Cartan subgroup of LG. The
center acts on the Wakimoto module corresponding to a Cartan connection by
the Miura transformation of this connection (see [F2]). The idea of [FFR] was to
use the spaces of coinvariants of the tensor product of the Wakimoto modules to
construct eigenvectors of the generalized Gaudin Hamiltonians. We found in [FFR]
that the eigenvalues of the Gaudin Hamiltonians on these vectors are encoded by
the LG-opers which are obtained by applying the Miura transformation to certain
Cartan connections on P1.
More precisely, the Bethe vector depends on an m-tuple of complex numbers
wj , where j = 1, . . . ,m, with an extra datum attached to each of them, ij ∈ I,
where I is the set of nodes of the Dynkin diagram of g (or equivalently, the set of
simple roots of g). These numbers have to be distinct from the zi’s and satisfy the
following system of Bethe Ansatz equations:
(0.2)
N∑
i=1
〈λi, αˇij 〉
wj − zi
−
∑
s6=j
〈αis , αˇij 〉
wj − ws
= 0, j = 1, . . . ,m,
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where λi denotes the highest weight of the finite-dimensional g-module Mi =
Vλi , i = 1, . . . , N .
We can compute explicitly the LG-oper encoding the eigenvalues of the gen-
eralized Gaudin Hamiltonians on this vector. As shown in [FFR], this LG-oper is
obtained by applying the Miura transformation of the connection
(0.3) ∂t +
N∑
i=1
λi
t− zi
−
m∑
j=1
αij
t− wj
on the LH-bundle Ω−ρ on P1. This LG-oper automatically has trivial monodromy.
The Bethe vector corresponding to a solution of the system (0.2) is a highest
weight vector in
⊗N
i=1 Vλi of weight
µ =
N∑
i=1
λi −
m∑
j=1
αij ,
so it can only be non-zero if µ is a dominant integral weight of g. But it is still
interesting to describe the set of all solutions of the Bethe Ansatz equations (0.2),
even for non-dominant weights µ.
While the eigenvalues of the Gaudin Hamiltonians are parameterized by LG-
opers, it turns out that the solutions of the Bethe Ansatz equations are parame-
terized by the (non-degenerate) Miura LG-opers. As mentioned above, those may
in turn be related to very simple objects, namely, connections on an LH-bundle
Ω−ρ of the kind given above in formula (0.3).
A LG-oper on a curve X is by definition a triple (F,∇,FLB), where F is
a LG-bundle on X , ∇ is a connection on F and FLB is a reduction of F to a
Borel subgroup LB of LG, which satisfies a certain transversality condition with
∇. A Miura LG-oper is by definition a quadruple (F,∇,FLB,F
′
LB) where F
′
LB is
another LB-reduction of F, which is preserved by ∇. The space of Miura opers on
a curve X whose underlying oper has regular singularities and trivial monodromy
representation (so that F is isomorphic to the trivial bundle) is isomorphic to the
flag manifold LG/LB of LG. Indeed, in order to define the LB-reduction F′LB of
such F everywhere, it is sufficient to define it at one point x ∈ X and then use
the connection to “spread” it around. But choosing a LB-reduction at one point
means choosing an element of the twist of LG/LB by Fx, and so we see that the
space of all reductions is isomorphic to the flag manifold of LG.
The relative position of the two reductions FLB and F
′
LB at each point of
X is measured by an element w of the Weyl group W of G. The two reductions
are in generic relative position (corresponding to w = 1) almost everywhere on X .
The mildest possible non-generic relative positions correspond to the simple reflec-
tions si from W . We call a Miura oper on P
1 with marked points z1, . . . , zN non-
degenerate if the two reductions FB and F
′
B are in generic position at z1, . . . , zN ,
and elsewhere on P1 their relative position is either generic or corresponds to a
simple reflection. We denote the points where the relative position is not generic
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by wj , j = 1, . . . ,m; each point wj comes together with a simple reflection sij , or
equivalently a simple root αij attached to it.
It is then easy to see that this collection satisfies the equations (0.2), and
conversely any solution of (0.2) corresponds to a non-degenerate Miura oper (or
to an LH-connection (0.3)). Thus, we obtain that there is a bijection between
the set of solutions of (0.2) (for all possible collections {i1, . . . , im}) and the set of
non-degenerate Miura LG-opers such that the underlying LG-opers have prescribed
residues at the points z1, . . . , zN ,∞ and trivial monodromy.
Now let us fix λ1, . . . , λN and µ. Then every
LG-oper τ on P1 with regular
singularities at z1, . . . , zN and ∞ and with prescribed residues corresponding to
λ1, . . . , λN and µ and trivial monodromy admits a horizontal
LB-reduction F′LB
satisfying the conditions of a non-degenerate Miura oper. Since these are open
conditions, we find that for such z1, . . . , zN the non-degenerate Miura oper struc-
tures on a particular LG-oper τ on P1 form an open dense subset in the set of all
Miura oper structures on τ . But the set of all Miura structures on a given LG-oper
τ is isomorphic to the flag manifold LG/LB. Therefore we find that the set of
non-degenerate Miura oper structures on τ is an open dense subset of LG/LB!
Recall that the set of all solutions of the Bethe Ansatz equations (0.2) is the
union of the sets of non-degenerate Miura oper structures on all LG-opers with
trivial monodromy. Hence it is naturally a disjoint union of subsets, parameterized
by these LG-opers. We have now identified each of these sets with an open and
dense subset of the flag manifold LG/LB.
Let us summarize our results:
• the eigenvalues of the Hamiltonians of the Gaudin model associated to
a simple Lie algebra g on the tensor product of finite-dimensional repre-
sentations are encoded by LG-opers on P1, where LG is the Langlands
dual group of G, which have regular singularities at the marked points
z1, . . . , zN ,∞ and trivial monodromy;
• if such an oper τ is non-degenerate, then we can associate to it a solution of
the Bethe Ansatz equations (0.2), which gives rise to the Bethe eigenvector
of dominant integral weight whose eigenvalues are encoded by τ ;
• there is a one-to-one correspondence between the set of all solutions of the
Bethe Ansatz equations (0.2) and the set of non-degenerate Miura opers
corresponding to a fixed LG-oper;
• the set of non-degenerate Miura opers corresponding to the same under-
lying LG-oper is an open dense subset of the flag manifold LG/LB of the
Langlands dual group, and therefore the set of all solutions of the Bethe
Ansatz equations (0.2) is the union of certain open dense subsets of the
flag manifold of the Langlands dual group, one for each LG-oper.
Finally, to a degenerate LG–oper we can also attach, at least in some cases,
an eigenvector of the Gaudin hamiltonians by generalizing the Bethe Ansatz pro-
cedure, as explained in Section 5.5.
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The paper is organized as follows. In Section 1 we introduce opers and discuss
their basic properties. We define opers with regular singularities and their residues.
In Section 2, following [FFR], we define the Gaudin algebra using the coinvariants
of the affine Kac-Moody algebra ĝ of critical level. We recall the results of [FF2, F2]
on the isomorphism of the center of the completed universal enveloping algebra
of ĝ at the critical level and the algebra of functions on the space of LG-opers on
the punctured disc. Using these results and general facts about the spaces of coin-
variants from [FB], we describe the spectrum of the Gaudin algebra. In Section 3
we introduce Miura opers, Cartan connections and the Miura transformation and
describe their properties, following [F2, F3]. We use these results in the next sec-
tion, Section 4, to describe the Bethe Ansatz, a construction of eigenvectors of the
Gaudin algebra. We introduce the Wakimoto modules of critical level, following
[FF1, F2]. The Wakimoto modules are naturally parameterized by the Cartan con-
nections on the punctured disc introduced in Section 3. The action of the center
on the Wakimoto modules is given by the Miura transformation. We construct the
Bethe vectors, following [FFR], using the coinvariants of the Wakimoto modules.
We show that the Bethe Ansatz equations which ensure that this vector is an eigen-
vector of the Gaudin Hamiltonians coincide with the requirement that the Miura
transformation of the Cartan connection on P1 encoding the Wakimoto modules
has no singularities at the points w1, . . . , wm. Finally, in Section 5 we consider
the Gaudin model in the case when all modules Mi finite-dimensional modules.
We describe the precise connection between the spectrum of the Gaudin algebra
on the tensor product of finite-dimensional modules and the set of LG-opers with
prescribed singularities at z1, . . . , zN ,∞ and trivial monodromy.
1. Opers
1.1. Definition of opers
Let G be a simple algebraic group of adjoint type, B a Borel subgroup and N =
[B,B] its unipotent radical, with the corresponding Lie algebras n ⊂ b ⊂ g. The
quotient H = B/N is a torus. Choose a splitting H → B of the homomorphism
B → H and the corresponding splitting h → b at the level of Lie algebras. Then
we will have a Cartan decomposition g = n− ⊕ h ⊕ n. We will choose generators
{ei}, i = 1, . . . , ℓ, of n and generators {fi}, i = 1, . . . , ℓ of n− corresponding to
simple roots, and denote by ρˇ ∈ h the sum of the fundamental coweights of g.
Then we will have the following relations: [ρˇ, ei] = 1, [ρˇ, fi] = −1.
A G-oper on a smooth curve X (or a disc D ≃ SpecC[[t]] or a punctured
disc D× = SpecC((t))) is by definition a triple (F,∇,FB), where F is a principal
G-bundle F on X , ∇ is a connection on F and FB is a B-reduction of F such that
locally on X (with respect to a local coordinate t and a local trivialization of FB)
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the connection has the form
(1.1) ∇ = ∂t +
ℓ∑
i=1
ψi(t)fi + v(t),
where each ψi(t) is a nowhere vanishing function, and v(t) is a b-valued function.
The space of G-opers on X is denoted by OpG(X).
This definition is due to A. Beilinson and V. Drinfeld [BD1] (in the case when
X is the punctured disc opers were first introduced in [DS]).
In particular, if U = SpecR is an affine curve with the ring of functions R
and t is a global coordinate on U (for example, if U = SpecC[[t]]), then OpG(U)
is isomorphic to the quotient of the space of operators of the form
(1.2) ∇ = ∂t +
ℓ∑
i=1
fi + v(t), v(t) ∈ b(R),
by the action of the group N(R) (we use the action of H(R) to make all functions
ψi(t) equal to 1). Recall that the gauge transformation of an operator ∂t + A(t),
where A(t) ∈ g(R) by g(t) ∈ G(R) is given by the formula
g · (∂t +A(t)) = ∂t + gA(t)g
−1 − ∂tg · g
−1.
The operator ad ρˇ defines the principal gradation on b, with respect to which
we have a direct sum decomposition b =
⊕
i≥0 bi. Set
p−1 =
ℓ∑
i=1
fi.
Let p1 be the unique element of degree 1 in n, such that {p−1, 2ρˇ, p1} is an sl2-
triple. Let Vcan = ⊕i∈EVcan,i be the space of ad p1-invariants in n. Then p1 spans
Vcan,1. Choose a linear generator pj of Vcan,dj (if the multiplicity of dj is greater
than one, which happens only in the case g = D
(1)
2n , dj = 2n, then we choose
linearly independent vectors in Vcan,dj ). The following result is due to Drinfeld
and Sokolov [DS] (the proof is reproduced in Lemma 2.1 of [F3]).
Lemma 1.1. The gauge action of N(R) on O˜pG(SpecR) is free, and each gauge
equivalence class contains a unique operator of the form ∇ = ∂t+p−1+v(t), where
v(t) ∈ Vcan(R), so that we can write
(1.3) v(t) =
ℓ∑
j=1
vj(t) · pj.
1.2. PGL2-opers
For g = sl2, G = PGL2 we obtain an identification of the space of PGL2-opers
with the space of operators of the form
∂t +
(
0 v(t)
1 0
)
.
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If we make a change of variables t = ϕ(s), then the corresponding connection
operator will become
∂s +
(
0 ϕ′(s)v(ϕ(s))
ϕ′(s) 0
)
.
Applying the B-valued gauge transformation with(
1 12
ϕ′′(s)
ϕ′(s)
0 1
)(
(ϕ′(s))1/2 0
0 (ϕ′(s))1/2
)
,
we obtain the operator
∂s +
(
0 v(ϕ(s))ϕ′(s)2 − 12{ϕ, s}
1 0
)
,
where
{ϕ, s} =
ϕ′′′
ϕ′
−
3
2
(
ϕ′′
ϕ′
)2
is the Schwarzian derivative. Thus, under the change of variables t = ϕ(s) we have
v(t) 7→ v(ϕ(s))ϕ′(s)2 −
1
2
{ϕ, s}.
this coincides with the transformation properties of the second order differential
operators ∂2t −v(t) acting from sections of Ω
−1/2 to sections of Ω3/2, where Ω is the
canonical line bundle on X . Such operators are known as projective connections
on X (see, e.g., [FB], Sect. 9.2), and so PGL2-opers are the same as projective
connections.
For a general g, the first coefficient function v1(t) in (1.3) transforms as a
projective connection, and the coefficient vi(t) with i > 1 transforms as a (di+1)-
differential on X . Thus, we obtain an isomorphism
(1.4) OpG(X) ≃ Proj(X)×
ℓ⊕
i=2
Γ(X,Ω(di+1)).
1.3. Opers with regular singularities
Let x be a point of a smooth curve X and Dx = SpecOx, D
×
x = SpecKx, where
Ox is the completion of the local ring of x and Kx is the field of fractions of Ox.
Choose a formal coordinate t at x, so that Ox ≃ C[[t]] and Kx = C((t)). Recall
that the space OpG(Dx) (resp., OpG(D
×
x )) of G-opers on Dx (resp., D
×
x ) is the
quotient of the space of operators of the form (1.1) where ψi(t) and v(t) take
values in Ox (resp., in Kx) by the action of B(Ox) (resp., B(Kx)).
A G-oper on Dx with regular singularity at x is by definition (see [BD1],
Sect. 3.8.8) a B(Ox)-conjugacy class of operators of the form
(1.5) ∇ = ∂t + t
−1
(
ℓ∑
i=1
ψi(t)fi + v(t)
)
,
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where ψi(t) ∈ Ox, ψi(0) 6= 0, and v(t) ∈ b(Ox). Equivalently, it is an N(Ox)-
equivalence class of operators
(1.6) ∇ = ∂t +
1
t
(p−1 + v(t)) , v(t) ∈ b(Ox).
Denote by OpRSG (Dx) the space of opers on Dx with regular singularity. It is easy
to see that the natural map OpRSG (Dx)→ OpG(D
×
x ) is injective. Therefore an oper
with regular singularity may be viewed as an oper on the punctured disc. But to
an oper with regular singularity one can unambiguously attach a point in
g/G := SpecC[g]G ≃ C[h]W =: h/W,
its residue, which in our case is equal to p−1 + v(0).
Given λˇ ∈ h, we denote by OpRSG (Dx)λˇ the subvariety of Op
RS
G (Dx) which
consists of those opers that have residue ̟(−λˇ − ρˇ) ∈ h/W , where ̟ is the
projection h → h/W .
In particular, the residue of a regular oper ∂t+p−1+v(t), where v(t) ∈ b(Ox),
is equal to ̟(−ρˇ) (see [BD1]). Indeed, a regular oper may be brought to the form
(1.6) by using the gauge transformation with ρˇ(t) ∈ B(Kx), after which it takes
the form
∂t +
1
t
(
p−1 − ρˇ+ t · ρˇ(t)(v(t))ρˇ(t)
−1
)
.
If v(t) is regular, then so is ρˇ(t)(v(t))ρˇ(t)−1. Therefore the residue of this oper in
h/W is equal to ̟(−ρˇ), and so OpG(Dx) = Op
RS
G (Dx)0.
For G = PGL2 we identify h with C and so λˇ with a complex number. Then
one finds that OpRSPGL2(Dx)λˇ is the space of second order operators of the form
(1.7) ∂2t −
λˇ(λˇ + 2)/4
t2
−
∑
n≥−1
vnt
n.
Now suppose that λˇ is a dominant integral coweight of g. Following Drinfeld,
introduce the variety OpG(Dx)λˇ as the quotient of the space of operators of the
form
(1.8) ∇ = ∂t +
ℓ∑
i=1
ψi(t)fi + v(t),
where
ψi(t) = t
〈αi,λˇ〉(κi + t(. . .)) ∈ Ox, κi 6= 0
and v(t) ∈ b(Ox), by the gauge action of B(Ox). Equivalently, OpG(Dx)λˇ is the
quotient of the space of operators of the form
(1.9) ∇ = ∂t +
ℓ∑
i=1
t〈αi,λˇ〉fi + v(t),
where v(t) ∈ b(Ox), by the gauge action of N(Ox). Considering the N(Kx)-class
of such an operator, we obtain an oper on D×x . Thus, we have a map OpG(Dx)λˇ →
OpG(D
×
x ).
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Lemma 1.2 ([F3], Lemma 2.4). The map OpG(Dx)λˇ → OpG(D
×
x ) is injective
and its image is contained in the subvariety OpRSG (Dx)λˇ. Moreover, the points of
OpG(Dx)λˇ are precisely those G-opers with regular singularity and residue λˇ which
have no monodromy around x.
The space OpPGL2(Dx)λˇ is the subspace of codimension one in OpPGL2(Dx)
RS
λˇ
. In
terms of the coefficients vn, n ≥ −1, appearing in formula (1.7) the corresponding
equation has the form Pλ(vn) = 0, where Pλ is a polynomial of degree λ+1, where
we set deg vn = n + 2. For example, P0 = v−1, P2 = 2v
2
−1 − v0, etc. In general,
the subspace OpG(Dx)λˇ ⊂ Op
RS
G (Dx)λˇ is defined by dimN polynomial equations,
where N is the unipotent subgroup of G.
2. The Gaudin model
Let g be a simple Lie algebra. The Langlands dual Lie algebra Lg is by definition
the Lie algebra whose Cartan matrix is the transpose of that of g. We will identify
the set of roots of g with the set of coroots of Lg and the set of weights of g with
the set of coweights of Lg. The results on opers from the previous sections will be
applied here to the Lie algebra Lg. Thus, in particular, LG will denote the adjoint
group of Lg.
2.1. The definition of the Gaudin model
Here we recall the definition of the Gaudin model and the realization of the Gaudin
Hamiltonians in terms of the spaces of conformal blocks for affine Kac-Moody
algebras of critical level. We follow closely the paper [FFR].
Choose a non-degenerate invariant inner product κ0 on g. Let {Ja}, a =
1, . . . , d, be a basis of g and {Ja} the dual basis with respect to κ0. Denote by ∆
the quadratic Casimir operator from the center of U(g):
∆ =
1
2
d∑
a=1
JaJ
a.
The Gaudin Hamiltonians are the elements
(2.1) Ξi =
∑
j 6=i
d∑
a=1
J
(i)
a Ja(j)
zi − zj
, i = 1, . . . , N,
of the algebra U(g)⊗N . Note that they commute with the diagonal action of g on
U(g)⊗N and that
N∑
i=1
Ξi = 0.
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2.2. Gaudin model and coinvariants
Let ĝκc be the affine Kac-Moody algebra corresponding to g. It is the extension of
the Lie algebra g ⊗ C((t)) by the one-dimensional center CK. The commutation
relations in ĝκc read
(2.2) [A⊗ f(t), B ⊗ g(t)] = [A,B]⊗ fg − κc(A,B)Rest=0 fdg ·K,
where κc is the critical invariant inner product on g defined by the formula
κc(A,B) = −
1
2
Trg adA adB.
Note that κc = −h
∨κ0, where κ0 is the inner product normalized as in [K] and h
∨
is the dual Coxeter number.
Denote by ĝ+ the Lie subalgebra g ⊗ C[[t]] ⊕ CK of ĝκc . Let M be a g-
module. We extend the action of g on M to g⊗ C[[t]] by using the evaluation at
zero homomorphism g ⊗ C[[t]] → g and to ĝ+ by making K act as the identity.
Denote by M the corresponding induced ĝκc-module
M = U(ĝκc) ⊗
U(ĝ+)
M.
By construction, K acts as the identity on this module. We call such modules the
ĝκc-modules of critical level. For example, for λ ∈ h
∗ let Cλ be the one-dimensional
b-module on which h acts by the character λ : h → C and n acts by 0. Let Mλ be
the Verma module over g of highest weight λ,
Mλ = U(g)U(b)
⊗
Cλ.
The corresponding induced module Mλ is the Verma module over ĝκc with highest
weight λ.
For a dominant integral weight λ ∈ h∗ denote by Vλ the irreducible finite-
dimensional g-module of highest weight λ. The corresponding induced module Vλ
is called the Weyl module over ĝκc with highest weight λ.
Consider the projective line P1 with a global coordinate t and N distinct
finite points z1, . . . , zN ∈ P
1. In the neighborhood of each point zi we have the
local coordinate t− zi and in the neighborhood of the point ∞ we have the local
coordinate t−1. Set g˜(zi) = g ⊗ C((t − zi)) and g˜(∞) = g ⊗ C((t
−1)). Let ĝN be
the extension of the Lie algebra
⊕N
i=1 g˜(zi) ⊕ g˜(∞) by a one-dimensional center
CK whose restriction to each summand g˜(zi) or g˜(∞) coincides with the above
central extension.
Suppose we are given a collection M1, . . . ,MN and M∞ of g-modules. Then
the Lie algebra ĝN naturally acts on the tensor product
⊗N
i=1 Mi ⊗M∞ (in par-
ticular, K acts as the identity).
Let g(zi) = gz1,...,zN be the Lie algebra of g-valued regular functions on
P1\{z1, . . . , zN ,∞} (i.e., rational functions on P
1, which may have poles only
at the points z1, . . . , zN and ∞). Clearly, such a function can be expanded into a
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Laurent power series in the corresponding local coordinates at each point zi and
at ∞. Thus, we obtain an embedding
g(zi) →֒
N⊕
i=1
g˜(zi)⊕ g˜(∞).
It follows from the residue theorem and formula (2.2) that the restriction of the
central extension to the image of this embedding is trivial. Hence this embedding
lifts to the embedding g(zi) → ĝN .
Denote by H(M1, . . . ,MN ,M∞) the space of coinvariants of
⊗N
i=1 Mi⊗M∞
with respect to the action of the Lie algebra g(zi). By construction, we have a
canonical embedding of a g-module M into the induced ĝκc-module M:
x ∈M → 1⊗ x ∈ M,
which commutes with the action of g on both spaces (where g is embedded into
ĝκc as the constant subalgebra). Thus we have an embedding
N⊗
i=1
Mi ⊗M∞ →֒
N⊗
i=1
Mi ⊗M∞.
The following result is proved in the same way as Lemma 1 in [FFR].
Lemma 2.1. The composition of this embedding and the projection
N⊗
i=1
Mi ⊗M∞ ։ H(M1, . . . ,MN ,M∞)
gives rise to an isomorphism
H(M1, . . . ,MN ,M∞) ≃ (
N⊗
i=1
Mi ⊗M∞)/gdiag.
Let V0 be the induced ĝκc-module of critical level, which corresponds to the
one-dimensional trivial g-module V0; it is called the vacuum module. Denote by
v0 the generating vector of V0. We assign the vacuum module to a point u ∈ P
1
which is different from z1, . . . , zN ,∞. Denote by H(M1, . . . ,MN ,M∞,C) the space
of g(zi),u-invariant functionals on
⊗N
i=1 Mi ⊗ M∞ ⊗ V0 with respect to the Lie
algebra g(zi),u. Lemma 2.1 tells us that we have a canonical isomorphism
H(M1, . . . ,MN ,M∞,C) ≃ H(M1, . . . ,MN ,M∞).
Now observe that by functoriality any endomorphism X ∈ Endĝκc V0 gives
rise to an endomorphism of the space of coinvariants H(M1, . . . ,MN ,M∞,C), and
hence of H(M1, . . . ,MN ,M∞). Thus, we obtain a homomorphism of algebras
Endĝκc V0 → EndC H(M1, . . . ,MN ,M∞).
Let us compute this homomorphism explicitly.
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First of all, we identify the algebra Endĝκc V0 with the space
z(ĝ) = V
g[[t]]
0
of g[[t]]-invariant vectors in V0. Indeed, a g[[t]]-invariant vector v gives rise to an
endomorphism of V0 commuting with the action of ĝκc which sends the generating
vector v0 to v. Conversely, any ĝκc-endomorphism of V0 is uniquely determined by
the image of v0 which necessarily belongs to z(ĝ). Thus, we obtain an isomorphism
z(ĝ) ≃ Endĝκc (V0) which gives z(ĝ) an algebra structure. The opposite algebra
structure on z(ĝ) coincides with the algebra structure induced by the identification
of V0 with the algebra U(g⊗ t
−1C[t−1]). But we will see in the next section that
the algebra z(ĝ) is commutative and so the two algebra structures on it coincide.
Now let v ∈ z(ĝ) ⊂ V0. For any
x ∈ (
N⊗
i=1
Mi ⊗M∞)/gdiag ≃ H(M1, . . . ,MN ,M∞)
take a lifting x˜ to
⊗N
i=1Mi ⊗M∞. By Lemma 2.1, the projection of the vector
x˜⊗ v ∈
N⊗
i=1
Mi ⊗M∞ ⊗ V0
onto
H(M1, . . . ,MN ,M∞,C) ≃ (
N⊗
i=1
Mi ⊗M∞)/gdiag
is equal to the projection of a vector of the form (Ψu(v) · x˜)⊗ v0, where
Ψu(v) · x˜ ∈ (
N⊗
i=1
Mi ⊗M∞)/gdiag.
For A ∈ g and n ∈ Z, denote by An the element A ⊗ t
n ∈ ĝκc . Then V0 ≃
U(g⊗ t−1C[t−1])v0 has a basis of lexicographically ordered monomials of the form
Ja1n1 . . . J
am
nmv0 with ni < 0. Let us set
J
a
n(u) = −
N∑
i=1
Ja(i)
(zi − u)n
.
Define an anti-homomorphism
Φu : U(g⊗ t
−1
C[t−1])→ U(g)⊗N ⊗ C[(u − zi)
−1]i=1,...,N
by the formula
(2.3) Φu(J
a1
n1 . . . J
am
nmv0) = J
am
nm(u)J
am−1
nm−1(u) . . . J
a1
n1(u).
According to the computation presented in the proof of Prop. 1 of [FFR], we have
Ψu(v) · x˜ = Φu(v) · x˜.
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In general, Φu(v) does not commute with the diagonal action of g, and so
Ψv(u) · x˜ depends on the choice of the lifting x˜. But if v ∈ z(ĝ) ⊂ V0, then Φu(v)
commutes with the diagonal action of g and hence gives rise to a well-defined
endomorphism (
⊗N
i=1Mi ⊗M∞)/gdiag.
Thus, we restrict Φu to z(ĝ). This gives us a homomorphism of algebras
z(ĝ)→
(
U(g)⊗N
)G
⊗ C[(u− zi)
−1]i=1,...,N ,
which we also denote by Φu.
For example, consider the Segal-Sugawara vector in V0:
(2.4) S =
1
2
d∑
a=1
Ja,−1J
a
−1v0.
One shows (see, e.g., [FB]) that this vector belongs to z(ĝ). Consider the corre-
sponding element Φu(S).
Denote by ∆ the Casimir operator
1
2
∑
a JaJ
a from U(g).
Proposition 2.2 ([FFR], Prop. 1). We have
Φu(S) =
N∑
i=1
Ξi
u− zi
+
N∑
i=1
∆(i)
(u− zi)2
,
where the Ξi’s are the Gaudin operators (2.1).
We wish to study the algebra generated by the image of the map Φu.
Proposition 2.3 ([FFR], Prop. 2). For any Z1, Z2 ∈ z(ĝ) and any points u1, u2
∈ P1\{z1, . . . , zN ,∞} the linear operators ΨZ1(u1) and ΨZ2(u2) commute.
Let Z(zi)(g) be the span in U(g)
⊗N of the coefficients in front of the monomi-
als
∏N
i=1(u− zi)
ni of the series Φu(v), v ∈ z(ĝ). Since Φu is an algebra homomor-
phism, we find that Z(zi)(g) is a subalgebra of
(
U(g)⊗N
)G
, which is commutative
by Proposition 2.3. We call it the Gaudin algebra associated to g and the collection
z1, . . . , zN , and its elements the generalized Gaudin Hamiltonians.
2.3. The center of V0 and
LG-opers
In order to describe the Gaudin algebra Z(zi)(g) and its spectrum we need to recall
the description of z(ĝ). According to [FF2, F2], z(ĝ) is identified with the algebra
FunOpLG(D) of (regular) functions on the space OpLG(D) of
LG-opers on the
disc D = SpecC[[t]], where LG is the Langlands dual group to G. Since we have
assumed that G is simply-connected, LG may be defined as the adjoint group of
the Lie algebra Lg whose Cartan matrix is the transpose of that of g.
This isomorphism satisfies various properties, one of which we will now recall.
Let DerO = C[[t]]∂t be the Lie algebra of continuous derivations of the topolog-
ical algebra O = C[[t]]. The action of its Lie subalgebra Der0 O = tC[[t]]∂t on
O exponentiates to an action of the group AutO of formal changes of variables.
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Both DerO and AutO naturally act on V0 in a compatible way, and these actions
preserve z(ĝ). They also act on the space OpLG(D).
Denote by FunOpLG(D) the algebra of regular functions on OpLG(D). In
view of Lemma 1.1, it is isomorphic to the algebra of functions on the space of
ℓ-tuples (v1(t), . . . , vℓ(t)) of formal Taylor series, i.e., the space C[[t]]
ℓ. If we write
vi(t) =
∑
n≥0 vi,nt
n, then we obtain
(2.5) FunOpLG(D) ≃ C[vi,n]i∈I,n≥0.
Note that the vector field −t∂t acts naturally on OpLG(D) and defines a Z-grading
on FunOpLG(D) such that deg vi,n = di + n + 1. The vector field −∂t acts as a
derivation such that −∂t · vi,n = −(di + n+ 1)vi,n+1.
Theorem 2.4 ([FF2, F2]). There is a canonical isomorphism
z(ĝ) ≃ FunOpLG(D)
of algebras which is compatible with the action of DerO and AutO.
We use this result to describe the twist of z(ĝ) by the AutO-torsor Autx of
formal coordinates at a smooth point x of an algebraic curve X ,
z(ĝ)x = Autx ×
AutO
z(ĝ)
(see Ch. 6 of [FB] for more details). It follows from the definition that the corre-
sponding twist of FunOpLG(D) by Autx is nothing but FunOpLG(Dx), where Dx
is the disc around x. Therefore we obtain from Theorem 2.4 an isomorphism
(2.6) z(ĝ)x ≃ FunOpLG(Dx).
The module V0 has a natural Z-grading defined by the formulas deg v0 =
0, deg Jan = −n, and it carries a translation operator T defined by the formulas
Tv0 = 0, [T, J
a
n] = −nJ
a
n−1. Theorem 2.4 and the isomorphism (2.5) imply that
there exist non-zero vectors Si ∈ V
g[[t]]
0 of degrees di + 1, i ∈ I, such that
z(ĝ) = C[T nSi]i∈I,n≥0v0.
Then under the isomorphism of Theorem 2.4 we have Si 7→ vi,0, the Z-gradings
on both algebras get identified and the action of T on z(ĝ) becomes the action of
−∂t on FunOpLG(D). Note that the vector S1 is nothing but the vector (2.4), up
to a non-zero scalar.
Recall from [FB] that V0 is a vertex algebra, and z(ĝ) is its commutative
vertex subalgebra; in fact, it is the center of V0. We will also need the center of
the completed universal enveloping algebra of ĝ of critical level. This algebra is
defined as follows.
Let Uκc(ĝ) be the quotient of the universal enveloping algebra U(ĝκc) of ĝκc
by the ideal generated by (K − 1). Define its completion U˜κc(ĝ) as follows:
U˜κc(ĝ) = lim
←−
Uκc(ĝ)/Uκc(ĝ) · (g⊗ t
N
C[[t]]).
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It is clear that U˜κc(ĝ) is a topological algebra which acts on all smooth ĝκc-
module. By definition, a smooth ĝκc-module is a ĝκc-module such that any vector
is annihilated by g⊗ tNC[[t]] for sufficiently large N , and K acts as the identity.
Let Z(ĝ) be the center of U˜κc(ĝ).
Denote by FunOpLG(D
×) the algebra of regular functions on the space
OpLG(D
×) of LG-opers on the punctured disc D× = SpecC((t)). In view of
Lemma 1.1, it is isomorphic to the algebra of functions on the space of ℓ-tuples
(v1(t), . . . , vℓ(t)) of formal Laurent series, i.e., the ind-affine space C((t))
ℓ. If we
write vi(t) =
∑
n∈Z vi,nt
n, then we obtain that FunOpLG(D) is isomorphic to the
completion of the polynomial algebra C[vi,n]i∈I,n∈Z with respect to the topology
in which the basis of open neighborhoods of zero is formed by the ideals generated
by vi,n, i ∈ I, n ≤ N , for N ≤ 0.
Theorem 2.5 ([F2]). There is a canonical isomorphism
Z(ĝ) ≃ FunOpLG(D
×)
of complete topological algebras which is compatible with the action of DerO and
AutO.
If M is a smooth ĝκc-module, then the action of Z(ĝ) on M gives rise to a
homomorphism
Z(ĝ)→ Endĝκc M.
For example, if M = V0, then using Theorems 2.4 and 2.5 we identify this homo-
morphism with the surjection
FunOpLG(D
×)։ FunOpLG(D)
induced by the natural embedding
OpLG(D) →֒ OpLG(D
×).
Recall that the Harish-Chandra homomorphism identifies the center Z(g) of
U(g) with the algebra (Fun h∗)W of polynomials on h∗ which are invariant with
respect to the action of the Weyl group W . Therefore a character Z(g) → C is
the same as a point in Spec(Fun h∗)W which is the quotient h∗/W . For λ ∈ h∗ we
denote by ̟(λ) its projection onto h∗/W . In particular, Z(g) acts on Mλ and Vλ
via its character ϕ(λ + ρ). We also denote by Iλ the maximal ideal of Z(g) equal
to the kernel of the homomorphism Z(g) → C corresponding to the character
ϕ(λ+ ρ).
In what follows we will use the canonical identification between h∗ and the
Cartan subalgebra Lh of the Langlands dual Lie algebra Lg. Recall that in Sec-
tion 1.3 we defined the space OpRSLG(D) of
LG-opers on D× with regular singularity
and its subspace OpRSLG(D)λ of opers with residue ̟(−λ− ρ). We also defined the
subspace
OpLG(D)λˇ ⊂ Op
RS
LG(D)λˇ ⊂ OpLG(D
×)
of those LG-opers which have trivial monodromy. Here we identify the coweights
of the group LG with the weights of G.
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The following result is obtained by combining Theorem 12.4, Lemma 9.4 and
Proposition 12.8 of [F2].
Theorem 2.6.
(1) Let U be the ĝκc-module induced from the g[[t]]⊕CK-module U(g). Then
the homomorphism Z(ĝ)→ Endĝκc U factors as
Z(ĝ) ≃ FunOpLG(D
×)։ FunOpRSLG(D)→ Endĝκc U.
(2) Let M be a g-module on which the center Z(g) acts via its character
̟(λ+ ρ), and let M be the induced ĝκc-module. Then the homomorphism Z(ĝ)→
Endĝκc M factors as follows
Z(ĝ) ≃ FunOpLG(D
×)։ FunOpRSLG(D)λ → Endĝκc M.
Moreover, if M =Mλ, then the last map is an isomorphism
Endĝκc M ≃ FunOp
RS
LG(D)λ.
(3) For an integral dominant weight λ ∈ h∗ the homomorphism
FunOpLG(D
×)→ Endĝκc Vλ
factors as
FunOpLG(D
×)→ FunOpLG(D)λ → Endĝκc Vλ,
and the last map is an isomorphism
Endĝκc Vλ ≃ FunOpLG(D)λ.
2.4. Example
Let us consider the case g = sl2 in more detail. Introduce the Segal-Sugawara
operators Sn, n ∈ Z, by the formula
S(z) =
∑
n∈Z
Snz
−n−2 =
1
2
∑
a
:Ja(z)Ja(z): ,
where the normal ordering is defined as in [FB]. Then the center Z(sl2) is the com-
pletion C[Sn]
∼
n∈Z of the polynomial algebra C[Sn]n∈Z with respect to the topol-
ogy in which the basis of open neighborhoods of zero is formed by the ideals of
Sn, n > N , for N ≥ 0.
We have the following diagram of (vertical) isomorphisms and (horizontal)
surjections
Z(ŝl2) −−−−→ Endĝκc U −−−−→ Endĝκc Mλ −−−−→ Endĝκc Vλy y y y
C[Sn]
∼
n∈Z −−−−→ C[Sn]n≤0 −−−−→ C[Sn]n≤0/Jλ −−−−→ C[Sn]n≤0/J
′
λ
where Jλ is the ideal generated by (S0 −
1
4λ(λ+ 2)) and J
′
λ is the ideal generated
by Iλ and the polynomial Pλ introduced at the end of Section 1.3.
The space of PGL2-opers on D
× is identified with the space of projective
connections of the form ∂2t −
∑
n∈Z vnt
n. The isomorphism of Theorem 2.5 sends
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Sn to v−n−2. The relevant spaces of PGL2-opers with regular singularities were
described at the end of Section 1.3, and these descriptions agree with the above
diagram and Theorem 2.6.
2.5. The Gaudin algebra
Now we are ready to identify the Gaudin algebra Z(zi)(g) with the algebra of
functions on a certain space of opers on P1.
Let OpRSLG(P
1)(zi),∞ be the space of
LG-opers on P1 with regular singularities
at z1, . . . , zN and∞. For an arbitrary collection of weights λ1, . . . , λN and λ∞, let
OpRSLG(P
1)(zi),∞;(λi),λ∞
be its subspace of those opers whose residue at the point zi (resp., ∞) is equal
to ̟(−λi − ρ), i = 1, . . . , N (resp., ̟(−λ∞ − ρ)). Finally, if all of the weights
λ1, . . . , λN , λ∞ are dominant integral, we introduce a subset
OpLG(P
1)(zi),∞;(λi),λ∞ ⊂ Op
RS
LG(P
1)(zi),∞;(λi),λ∞
which consists of those LG-opers which have trivial monodromy representation.
On the other hand, for each collection of points z1, . . . , zN on P
1\∞ we have
the Gaudin algebra
Z(zi)(g) ⊂
(
U(g)⊗N
)G
≃
(
U(g)⊗(N+1)/gdiag
)G
,
where the second isomorphism is obtained by identifying U(g)⊗(N+1)/gdiag with
U(g)⊗N ⊗ 1.
We have a homomorphism ci : Z(g)→ U(g)→ U(g)
⊗(N+1) corresponding to
the ith factor, for all i = 1, . . . , N , and a homomorphism c∞ : Z(g)→ U(g)
⊗(N+1)
corresponding to the (N + 1)st factor. It is easy to see that the images of ci, i =
1, . . . , N , and c∞ belong to Z(zi)(g). For a collection of weights λ1, . . . , λN and
λ∞, let I(λi),λ∞ be the ideal of Z(zi)(g) generated by ci(Iλi ), i = 1, . . . , N , and
c∞(Iλ∞). Let Z(zi),∞;(λi),λ∞ be the quotient of Z(zi)(g) by I(λi),λ∞ .
The algebra Z(zi),∞;(λi),λ∞(g) acts on the space of g-coinvariants in
N⊗
i=1
Mi ⊗M∞,
where Mi is a g-module with central character ̟(λi + ρ), i = 1, . . . , N , and M∞
is a g-module with central character ̟(λ∞ + ρ). In particular, if all the weights
λ1, . . . , λN , λ∞ are dominant integral, then we can take as the Mi’s the finite-
dimensional irreducible modules Vλi for i = 1, . . . , N , and as M∞ the module
Vλ∞ . The corresponding space of g-coinvariants is isomorphic to the space(
N⊗
i=1
Vλi ⊗ Vλ∞
)G
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of G-invariants in
⊗N
i=1 Vλi ⊗ Vλ∞ . Let Z(zi),∞;(λi),λ∞(g) be the image of the
algebra Z(zi),∞;(λi),λ∞ in End
(⊗N
i=1 Vλi ⊗ Vλ∞
)G
.
We have the following result.
Theorem 2.7.
(1) The algebra Z(zi)(g) is isomorphic to the algebra of functions on the space
OpRSLG(P
1)(zi),∞.
(2) The algebra Z(zi),∞;(λi),λ∞(g) is isomorphic to the algebra of functions on
the space OpRSLG(P
1)(zi),∞;(λi),λ∞ .
(3) For a collection of dominant integral weights λ1, . . . , λN , λ∞, there is a
surjective homomorphism from the algebra of functions OpLG(P
1)(zi),∞;(λi),λ∞ to
the algebra Z(zi),∞;(λi),λ∞(g).
Proof. In [FB] we defined, for any quasi-conformal vertex algebra V , a smooth
projective curve X , a set of points x1, . . . , xN ∈ X and a collection of V -modules
M1, . . . ,MN , the space of coinvariants HV (X, (xi), (Mi)), which is the quotient
of
⊗N
i=1Mi by the action of a certain Lie algebra. This construction (which is
recalled in the proof of Theorem 4.7 in [F3]) is functorial in the following sense.
Suppose that we are given a homomorphism W → V of vertex algebras (so that
each Mi becomes a V -module), a collection R1, . . . , RN of W -modules and a col-
lection of homomorphisms of W -modules Mi → Ri for all i = 1, . . . , N . Then the
corresponding map
⊗N
i=1 Ri →
⊗N
i=1Mi gives rise to a map of the corresponding
spaces of coinvariants
HW (X, (xi), (Ri))→ HV (X, (xi), (Mi)).
Suppose now that W is the center of V (see [FB]). Then the action of W
on any V -module M factors through a homomorphism U˜(W ) → EndC M , where
U˜(W ) is the enveloping algebra ofW (see [FB], Sect. 4.3). LetW (M) be the image
of this homomorphism. Then HW (X, (xi), (W (Mi))) is an algebra, and we obtain
a natural homomorphism of algebras
(2.7) HW (X, (xi), (W (Mi)))→ EndC HV (X, (xi), (Mi)).
If V = V0, then the center of V is precisely the subspace z(ĝ) of g[[t]]-invariant
vectors in V0 (see [FB]). In particular, z(ĝ) is a commutative vertex subalgebra
of V0. A module over the vertex algebra z(ĝ) is the same as a module over the
topological algebra U˜(z(ĝ)) which is nothing but the center Z(ĝ) of U˜κc(ĝ) (see
[F2], Sect. 11). The action of Z(ĝ) on any ĝκc-module M factors through the
homomorphism Z(ĝ)→ Endĝκc M . Let Z(M) denote the image of this homomor-
phism. Recall that we have identified Z(ĝ) with FunOpLG(D
×) in Theorem 2.5.
For each ĝκc-module M , the algebra Z(M) is a quotient of FunOpLG(D
×), and
hence SpecZ(M) is a subscheme in OpLG(D
×) which we denote by OpMLG(D
×).
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The space of coinvariants Hz(ĝ)(X, (xi), Z(Mi)) is computed in the same way
as in Theorem 4.7 of [F3]:
(2.8) Hz(ĝ)(X, (xi), Z(Mi)) ≃ FunOpLG(X, (xi), (Mi))
where OpLG(X, (xi), (Mi)) is the space of
LG-opers on X which are regular on
X\{x1, . . . , xN} and such that their restriction to D
×
x belongs to Op
Mi
LG
(D×xi) for
all i = 1, . . . , N .
Let u be an additional point of X , different from x1, . . . , xN , and let us
insert z(ĝ) ≃ Z(V0) at this point. Then by Theorem 10.3.1 of [FB] we have an
isomorphism
Hz(ĝ)(X, (xi), (Z(Mi))) ≃ Hz(ĝ)(X ; (zi), u; (Z(Mi)), Z(V0)).
Hence we obtain a homomorphism
(2.9) z(ĝ)u ≃ Z(V0)u → Hz(ĝ)(X, (xi), (Z(Mi))).
The corresponding homomorphism
FunOpLG(Du)→ FunOpLG(X, (xi), (Mi))
(see formula (2.6)) is induced by the embedding
OpLG(X, (xi), (Mi)) →֒ OpLG(Du)
obtained by restricting an oper to Du.
We apply this construction in the case when the curve X is P1, the points
are z1, . . . , zN and ∞, and the modules are ĝκc-modules M1, . . . ,MN and M∞. It
is proved in [FB] (see Theorem 9.3.3 and Remark 9.3.10) that the corresponding
space of coinvariants is the space of g(zi)-coinvariants of
⊗N
i=1 Mi ⊗M∞, which is
the space H(M1, . . . ,MN ,M∞) that we have computed in Lemma 2.1.
The homomorphism (2.7) specializes to a homomorphism
(2.10) Hz(ĝ)(P
1; (zi),∞; (Z(Mi)), Z(M∞))→ EndC H(M1, . . . ,MN ,M∞).
Observe that by its very definition the homomorphism
Φu : z(ĝ)u → EndC H(M1, . . . ,MN ,M∞)
constructed in Section 2.2 factors through the homomorphisms (2.10) and (2.9).
Hence the image of Φu is a quotient of the algebra
Hz(ĝ)(P
1; (zi),∞; (Z(Mi)), Z(M∞)) ≃ FunOpLG(P
1; (zi),∞; (Z(Mi)), Z(M∞)),
according to the isomorphism (2.8).
Let us specialize this result to our setting. First we suppose that allMi’s and
M∞ are equal to U(g). By Theorem 2.6,(1), we have
Op
U(g)
LG (D
×) = OpRSLG(D).
Therefore we find that
(2.11) Hz(ĝ)(P
1; (zi),∞; (U(g)), U(g)) ≃ FunOp
RS
LG(P
1)(zi),∞.
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Next, by Theorem 2.6,(2), we have
Op
U(g)/Iλ
LG
(D×) = OpRSLG(D)λ.
Therefore
(2.12) Hz(ĝ)(P
1; (zi),∞; (U(g)/Iλi), U(g)/Iλ∞) ≃ FunOp
RS
LG(P
1)(zi),∞;(λi),λ∞ .
Finally, by Theorem 2.6,(3), we have
OpVλLG(D
×) = OpLG(D)λ.
Therefore
(2.13) Hz(ĝ)(P
1; (zi),∞; (Vλi),Vλ∞) ≃ FunOpLG(P
1)(zi),∞;(λi),λ∞ .
Moreover, in all three cases the homomorphism Φu is just the natural homo-
morphism from FunOpLG(Du) to the above algebras of functions that is induced
by the restrictions of the corresponding opers to the disc Du.
Now consider the homomorphism (2.10) in the case of the space of coinvari-
ants given by the left-hand side of formula (2.11),
FunOpRSLG(P
1)(zi),∞ → EndC U(g)
⊗(N+1)/gdiag ≃ EndC U(g)
⊗N ,
where the second isomorphism we use the identification of U(g)⊗(N+1)/gdiag with
U(g)⊗N corresponding to the first N factors. It follows from the explicit compu-
tation of this map given above that its image belongs to(
U(g)⊗N
)G
⊂ EndC U(g)
⊗N ,
and so we have a homomorphism
(2.14) FunOpRSLG(P
1)(zi),∞ →
(
U(g)⊗N
)G
.
By definition, the Gaudin algebra Z(zi)(g) is the image of this homomorphism.
Likewise, we obtain from formula (2.12) that the homomorphism (2.10) gives
rise to a homomorphism
(2.15) FunOpRSLG(P
1)(zi),∞;(λi),λ∞ →
(
U(g)⊗(N+1)/gdiag
)G
/I(λi),λ∞ ,
whose image is the algebra Z(zi),∞;(λi),λ∞(g).
Finally, formula (2.13) gives us a homomorphism
FunOpLG(P
1)(zi),∞;(λi),λ∞ → EndC
(
N⊗
i=1
Vλi ⊗ Vλ∞
)
,
whose image is the algebra Z(zi),∞;(λi),λ∞(g). This proves part (3) of the theorem.
To prove parts (1) and (2), it remains to show that the homomorphisms
(2.14) and (2.15) are injective. It is sufficient to prove that the latter is injective.
To see that, we pass to the associate graded spaces on both sides with respect to
natural filtrations which we now describe.
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According to the identification given in formula (1.4), the algebra of functions
on OpRSLG(P
1)(zi),∞;(λi),λ∞ is filtered, and the corresponding associated graded al-
gebra is the algebra of functions on the vector space
CRS(zi),∞ =
ℓ⊕
i=1
Γ(P1,Ω⊗(di+1)(−diz1 − . . .− dizN − di∞)),
where Ω is the canonical line bundle on P1. The algebra(
U(g)⊗(N+1)/gdiag
)G
/I(λi),λ∞
carries a PBW filtration, and the associated graded is the algebra of functions on
the space µ−1((T ∗G/B)N+1)/G, where µ : (T ∗G/B)N+1 → g∗ is the moment map
corresponding to the diagonal action of G on (T ∗G/B)N+1. The two filtrations are
compatible according to [F2]. The corresponding homomorphism of the associate
graded algebras
(2.16) FunCRS(zi),∞ → Funµ
−1((T ∗G/B)N+1)/G
is induced by a map
h(zi),∞ : µ
−1((T ∗G/B)N+1)/G→ CRS(zi),∞,
that we now describe.
Let us identify the tangent space to a point gB ⊂ G/B with (g/gbg−1)∗ ≃
gng−1. Then a point in µ−1((T ∗G/B)N+1)/G consists of an (N+1)-tuple of points
giB of G/B and an (N +1)-tuple of vectors (ηi), where ηi ∈ ging
−1
i ⊂ g such that∑N+1
i=1 ηi = 0, considered up to simultaneous conjugation by G.
We attach to it the g-valued one-form
η =
N∑
i=1
ηi
t− zi
dt
on P1 with poles at z1, . . . , zN ,∞. Let P1, . . . , Pℓ be generators of the algebra of
G-invariant polynomials on g of degrees di + 1. Then
h(zi),∞((gi), (ηi)) = (Pi(η))
ℓ
i=1 ∈ C
RS
(zi),∞
.
The space µ−1((T ∗G/B)N+1)/G is identified with the moduli space of Higgs
fields on the trivial G-bundle with parabolic structures at z1, . . . , zN ,∞, and the
map h(zi),∞ is nothing but the Hitchin map (see [ER]). The Hitchin map is known
to be proper, so in particular it is surjective (see, e.g., [M]). Therefore the corre-
sponding homomorphism (2.16) of algebras of functions is injective. This implies
that the homomorphism (2.15) is also injective and completes the proof of the
theorem.
This theorem has an important application to the question of simultaneous
diagonalization of generalized Gaudin Hamiltonians, or equivalently, of the com-
mutative algebra Z(zi)(g), on the tensor product
⊗N
i=1Mi of g-modules. Indeed,
the joint eigenvalues of the generalized Gaudin Hamiltonians on any eigenvector
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in
⊗N
i=1Mi correspond to a point in the spectrum of the algebra Z(zi)(g), which,
according to Theorem 2.7,(1), is a point of the space OpRSLG(P
1)(zi),∞.
If we assume in addition that each of the modulesMi admits a central charac-
ter ̟(λi+ρ) (for instance, ifMi is the Verma moduleMλi) and we are looking for
eigenvectors in the component of
⊗N
i=1Mi corresponding to the central character
̟(−λ∞ − ρ) with respect to the diagonal action of g, then the joint eigenvalues
define a point in the spectrum of the algebra Z(zi),∞;(λi),λ∞(g), i.e., a point of
OpRSLG(P
1)(zi),∞;(λi),λ∞ .
Finally, for a collection of dominant integral weights λ1, . . . , λN , λ∞, the
joint eigenvalues of the generalized Gaudin Hamiltonians on (
⊗N
i=1 Vλi ⊗ Vλ∞)
G
is a point in the spectrum of the algebra Z(zi),∞;(λi),λ∞(g), which is a point of
OpLG(P
1)(zi),∞;(λi),λ∞ .
A natural question is whether, conversely, one can attach to a LG-oper on
P1 with regular singularities at z1, . . . , zN ,∞ (and satisfying additional conditions
as above) an eigenvector in
⊗N
i=1Mi with such eigenvalues. It turns out that for
general modules this is not true, but if these modules are finite-dimensional, then
we conjecture that it is true. In order to construct the eigenvectors we use the
procedure called Bethe Ansatz. As shown in [FFR], this procedure may be cast
in the framework of coinvariants that we have discussed in this section, using the
Wakimoto modules over ĝκc . We will explain that in Section 4 and Section 5.5.
But first we need to introduce Miura opers and Cartan connections.
3. Miura opers and Cartan connections
By definition (see [F2], Sect. 10.3), a Miura G-oper on X (which is a smooth curve
or a disc) is a quadruple (F,∇,FB ,F
′
B), where (F,∇,FB) is a G-oper on X and
F′B is another B-reduction of F which is preserved by ∇.
We denote the space of Miura G-opers on X by MOpG(X).
3.1. Miura opers and flag manifolds
A B-reduction of F which is preserved by the connection ∇ is uniquely determined
by a B-reduction of the fiber Fx of F at any point x ∈ X (in the case when U = D,
x has to be the origin 0 ∈ D). The set of such reductions is the twist
(3.1) (G/B)Fx = Fx ×
G
G/B = F′B,x ×
B
G/B = (G/B)F′
B,x
of the flag manifold G/B. If X is a curve or a disc and the oper connection has
a regular singularity and trivial monodromy representation, then this connection
gives us a global (algebraic) trivialization of the bundle F. Then any B-reduction
of the fiber Fx gives rise to a global (algebraic) B-reduction of F. Thus, we obtain:
Lemma 3.1. Suppose that we are given an oper τ on a curve X (or on the disc)
such that the oper connection has a regular singularity and trivial monodromy.
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Then for each x ∈ X there is a canonical isomorphism between the space of Miura
opers with the underlying oper τ and the twist (G/B)FB,x .
Recall that the B-orbits in G/B, known as the Schubert cells, are parame-
terized by the Weyl group W of G. Let w0 be the longest element of the Weyl
group of G. Denote the orbit Bw0wB ⊂ G/B by Sw (so that S1 is the open orbit).
We obtain from the second description of (G/B)Fx given in formula (3.1) that
(G/B)Fx decomposes into a union of locally closed subvarieties Sw,F′B,x , which are
the F′B,x-twists of the Schubert cells Sw. The B-reduction F
′
B,x defines a point in
(G/B)F′
B,x
which is the one point orbit Sw0,F′B,x . We will say that the B-reductions
FB,x and F
′
B,x are in relative position w with if FB,x belongs to Sw,F′B,x . In par-
ticular, if it belongs to the open orbit S1,F′
B,x
, we will say that FB,x and F
′
B,x are
in generic position.
A Miura G-oper is called generic at the point x ∈ X if the B-reductions FB,x
and F′B,x of Fx are in generic position. In other words, FB,x belongs to the stratum
OpG(X)× S1,F′B,x ⊂ MOpG(X). Being generic is an open condition. Therefore if
a Miura oper is generic at x ∈ X , then there exists an open neighborhood U of x
such that it is also generic at all other points of U . We denote the space of generic
Miura opers on U by MOpG(U)gen.
Lemma 3.2. Suppose we are given a Miura oper on the disc Dx around a point
x ∈ X. Then its restriction to the punctured disc D×x is generic.
Proof. Since being generic is an open condition, we obtain that if a Miura oper is
generic at x, it is also generic on the entire Dx. Hence we only need to consider
the situation where the Miura oper is not generic at x, i.e., the two reductions
FB,x and F
′
B,x are in relative position w 6= 1. Let us trivialize the B-bundle FB,
and hence the G-bundle FG over Dx. Then ∇ gives us a connection on the trivial
G-bundle which we can bring to the canonical form
∇ = ∂t + p−1 +
ℓ∑
j=1
vj(t) · pj
(see Lemma 1.1). It induces a connection on the trivial G/B-bundle. We are given
a point gB in the fiber of the latter bundle which lies in the orbit Sw = Bw0wB,
where w 6= 1. Consider the horizontal section whose value at x is gB, viewed as
a map Dx → G/B. We need to show that the image of this map lies in the open
B-orbit S1 = Bw0B over D
×
x , i.e., it does not lie in the orbit Sy for any y 6= 1.
Suppose that this is not so, and the image of the horizontal section actually
lies in the orbit Sy for some y 6= 1. Since all B-orbits are H-invariant, we obtain
that the same would be true for the horizontal section with respect to the connec-
tion ∇′ = h∇h−1 for any constant element of H . Choosing h = ρˇ(a) for a ∈ C×,
we can bring the connection to the form
∂t + a
−1p−1 +
ℓ∑
j=1
adjvj(t) · pj .
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Changing the variable t to s = a−1t, we obtain the connection
∂s + p−1 +
ℓ∑
j=1
adj+1vj(t),
so choosing small a we can make the functions vj(t) arbitrarily small. Therefore
without loss of generality we can consider the case when our connection operator
is ∇ = ∂t + p−1.
In this case our assumption that the horizontal section lies in Sy, y 6= 1,
means that the vector field ξp−1 corresponding to the infinitesimal action of p−1
on G/B is tangent to an orbit Sy, y 6= 1, in the neighborhood of some point gB of
Sw ⊂ G/B,w 6= 1. But then, again because of the H-invariance of the B-orbits,
the vector field ξhp−1h−1 is also tangent to this orbit for any h ∈ H . For any
i = 1 . . . , ℓ, there exists a one-parameter subgroup h
(i)
ǫ , ǫ ∈ C× in H , such that
lim
ǫ→0
ǫp−1ǫ
−1 = fi. Hence we obtain that each of the vector fields ξfi , i = 1 . . . , ℓ,
is tangent to the orbit Sy, y 6= 1, in the neighborhood of gB ∈ Sw, w 6= 1. But
then all commutators of these vectors fields are also tangent to this orbit. Hence
we obtain that all vector fields of the form ξp, p ∈ n−, are tangent to Sy in the
neighborhood of gB ∈ Sw.
Consider any point of G/B that does not belong to the open dense orbit S1.
Then the quotient of the tangent space to this point by the tangent space to the
B-orbit passing through this point is non-zero and the vector fields from the Lie
algebra n− map surjectively onto this quotient. Therefore they cannot be tangent
to the orbit Sy, y 6= 1, in a neighborhood of gB. Therefore our Miura oper is
generic on D×x .
This lemma shows that any Miura oper on any smooth curve X is generic
over an open dense subset.
3.2. Cartan connections
Introduce the H-bundle Ωρˇ on X which is uniquely determined by the following
property: for any character λ : H → C×, the line bundle Ωρˇ ×
H
λ associated to the
corresponding one-dimensional representation of H is Ω〈λ,ρˇ〉.
Explicitly, connections on Ωρˇ may be described as follows. If we choose a
local coordinate t on X , then we trivialize Ωρˇ and represent the connection as
an operator ∂t + u(t), where u(t) is an h-valued function on X . If s is another
coordinate such that t = ϕ(s), then this connection will be represented by the
operator
(3.2) ∂s + ϕ
′(s)u(ϕ(s)) − ρˇ ·
ϕ′′(s)
ϕ′(s)
.
Let Conn(Ωρˇ)X be the space of connections on the H-bundle Ω
ρˇ on X . When
no confusion can arise, we will simply write ConnX . We define a map
bX : ConnX → MOpG(X)gen.
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Suppose we are given a connection ∇ on the H-bundle Ωρˇ on D. We associate
to it a generic Miura oper as follows. Let us choose a splitting H → B of the
homomorphism B → H and set F = Ωρˇ ×
H
G,FB = Ω
ρˇ ×
H
B, where we consider
the adjoint action of H on G and on B obtained through the above splitting. The
choice of the splitting also gives us the opposite Borel subgroup B−, which is the
unique Borel subgroup in generic position with B containing H . Let again w0 be
the longest element of the Weyl group of g. Then w0B is a B-torsor equipped with
a left action of H , so we define the B-subbundle F′B of F as Ω
ρˇ ×
H
w0B.
Observe that the space of connections on F is isomorphic to the direct product
ConnX ×
⊕
α∈∆
Γ(X,Ωα(ρˇ)+1).
Its subspace corresponding to negative simple roots is isomorphic to the tensor
product of
(⊕ℓ
i=1 g−αi
)
and FunX . Having chosen a basis element fi of g−αi for
each i = 1, . . . , ℓ, we now construct an element p−1 =
∑ℓ
i=1 fi ⊗ 1 of this space.
Now we set ∇ = ∇+p−1. By construction, ∇ has the correct relative position with
the B-reduction FB and preserves the B-reduction F
′
B. Therefore the quadruple
(F,∇,FB,F
′
B) is a generic Miura oper on X . We define the morphism bX by
setting bX(∇) = (F,∇,FB ,F
′
B).
This map is independent of the choice of a splitting H → B and of the
generators fi, i = 1, . . . , ℓ.
Proposition 3.3 ([F2],Prop. 10.4). The map bX is an isomorphism of algebraic
varieties
ConnX → MOpG(X)gen.
Thus, generic Miura opers are the same as Cartan connections, which are
much simpler objects than opers.
The composition bX of bX and the forgetful map MOpG(X)gen → OpG(X)
is called the Miura transformation.
For example, in the case of g = sl2, we have a connection ∇ = ∂t − u(t) on
the line bundle Ω1/2 (equivalently, a connection ∇
t
= ∂t+u(t) on Ω
−1/2), and the
Miura transformation assigns to this connection the PGL2-oper
∂t +
(
−u(t) 0
1 u(t)
)
.
The oper B reduction FB corresponds to the upper triangular matrices, and the
Miura B-reduction F′B corresponds to the lower triangular matrices. The corre-
sponding projective connection is
∂2t − v(t) = (∂t − u(t))(∂t + u(t)),
i.e.,
u(t) 7→ v(t) = u(t)2 − u′(t).
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3.3. Singularities of Cartan connections
Consider the Miura transformation bD×x in the case of the punctured disc D
×
x ,
bD×x
: Conn(Ωρˇ)D×x → OpG(D
×
x ).
Let Conn(Ωρˇ)RSDx ⊂ Conn(Ω
ρˇ)D×x be the space of all connections on the H-bundle
Ωρˇ on Dx with regular singularity, i.e., those for which the connection operator
has the form
∇ = ∂t +
λˇ
t
+
∑
n≥0
unt
n.
We define a map
resh : Conn(Ω
ρˇ)RSD → h
assigning to such a connection its residue λˇ.
It follows from the definition of the Miura transformation bD×x that its restric-
tion to Conn(Ωρˇ)RSDx ⊂ Conn(Ω
ρˇ)D×x takes values in Op
RS
G (Dx). Hence we obtain
a morphism
b
RS
x : Conn(Ω
ρˇ)RSDx → Op
RS
G (Dx).
Explicitly, after choosing a coordinate t on Dx, we can write ∇ as ∂t + t
−1
u(t),
where u(t) ∈ h[[t]]. Its residue is u(0). Then the corresponding oper with regular
singularity is by definition the N((t))-equivalence class of the operator
∇ = ∂t + p−1 + t
−1
u(t),
which is the same as the N [[t]]-equivalence class of the operator
ρˇ(t)∇ρˇ(t)−1 = ∂t + t
−1(p−1 − ρˇ+ u(t)),
so it is indeed an oper with regular singularity.
Therefore it follows from the definition that we have a commutative diagram
(3.3)
Conn(Ωρˇ)RSDx
b
RS
x−−−−→ OpRSG (Dx)
resh
y yres
h −−−−→ h/W
where the lower horizontal map is the composition of the map λˇ 7→ λˇ− ρˇ and the
projection ̟ : h → h/W .
Now let Connreg
Dx,λˇ
be the preimage under b
RS
x of the subspace OpG(Dx)λˇ ⊂
OpRSG (Dx) of G-opers on D
×
x with regular singularity, residue ̟(−λˇ − ρˇ) and
trivial monodromy. By the commutativity of the above diagram, a connection in
Connreg
Dx,λˇ
necessarily has residue of the form −w(λˇ + ρˇ) + ρˇ for some element
w of the Weyl group of G, so that Connreg
Dx,λˇ
is the disjoint union of its subsets
Connreg
Dx,λˇ,w
consisting of connections with residue −w(λˇ+ ρˇ) + ρˇ.
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The restriction of b
RS
x to Conn
reg
Dx,λˇ,w
is a map
bλˇ,w : Conn
reg
Dx,λˇ,w
→ OpG(Dx)λˇ.
Let us recall that by construction of the Miura transformation b, each oper on D×x
which lies in the image of the map b (hence in particular, in the image of bλˇ,w)
carries a canonical horizontal B-reduction
F
′
B = Ω
ρˇ ×
H
w0B
(i.e., it carries a canonical structure of Miura oper on D×x ). But if this oper is in
the image of bλˇ,w, i.e., belongs to OpG(Dx)λˇ, then the oper B-reduction FB (and
hence the oper bundle F) has a canonical extension to a B-bundle on the entire
disc Dx, namely, one for which the oper connection has the form (1.8). Therefore
the B-reduction F′B = Ω
ρˇ ×
H
w0B may also be extended to Dx.
Therefore we can lift bλˇ,w to a map
bλˇ,w : Conn
reg
Dx,λˇ,w
→ MOpG(Dx)λˇ.
Let MOpG(Dx)λˇ,w ⊂ MOpG(Dx)λˇ be the subvariety of those Miura opers of
coweight λˇ which have relative position w at x. Then
MOpG(Dx)λˇ,w ≃ OpG(Dx)λˇ × Sw,F′B,x .
The following result is due to D. Gaitsgory and myself [FG] (see [F3], Propo-
sition 2.9).
Proposition 3.4. For each w ∈ W the morphism bλˇ,w is an isomorphism between
the varieties Connreg
Dx,λˇ,w
and MOpG(Dx)λˇ,w.
Proof. First we observe that at the level of points the map defined by bλˇ,w, w ∈ W ,
from the union of Connreg
Dx,λˇ,w
, w ∈ W , to MOpG(Dx)λˇ, is a bijection. Indeed, by
Proposition 3.3 we have a map taking a Miura oper from MOpG(Dx)λˇ, considered
as a Miura oper on the punctured disc D×x , to a connection ∇ on the H-bundle Ω
ρˇ
over D×x . We have shown above that ∇ has regular singularity at x and that its
residue is of the form −w(λˇ+ ρˇ)+ ρˇ, w ∈W . Thus, we obtain a map from the set of
points of MOpG(Dx)λˇ to the union of Conn
reg
Dx,λˇ,w
, w ∈W , and by Proposition 3.3
it is a bijection.
It remains to show that if the Miura oper belongs to MOpG(Dx)λˇ,w, then
the corresponding connection has residue precisely −w(λˇ+ ρˇ) + ρˇ.
Thus, we are given a G-oper (F,∇,FB,F
′
B) of coweight λˇ. Let us choose a
trivialization of the B-bundle FB. Then the connection operator reads
(3.4) ∇ = ∂t +
ℓ∑
i=1
t〈αi,λˇ〉fi + v(t), v(t) ∈ b[[t]].
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Suppose that the horizontalB-reduction F′B of our Miura oper has relative position
w with FB at x (see Section 3 for the definition of relative position). We need to
show that the corresponding connection on F′H ≃ Ω
ρˇ has residue −w(λˇ+ ρˇ) + ρˇ.
This is equivalent to the following statement. Let Φ(t) be the G-valued solu-
tion of the equation
(3.5)
(
∂t +
ℓ∑
i=1
t〈αi,λˇ〉fi + v(t)
)
Φ(t) = 0,
such that Φ(0) = 1. Since the connection operator is regular at t = 0, this solution
exists and is unique. Then Φ(t)w−1w0 is the unique solution of the equation (3.5)
whose value at t = 0 is equal to w−1w0.
By Lemma 3.2, we have
Φ(t)w−1w0 = Xw(t)Yw(t)Zw(t)w0,
where
Xw(t) ∈ N((t)), Yw(t) ∈ H((t)), Zw(t) ∈ N−((t)).
We can write Yw(t) = µˇw(t)Y˜w(t), where µˇw is a coweight and Y˜w(t) ∈ H [[t]].
Since the connection ∇ preserves
Φ(t)w0b+w0Φ(t)
−1 = Φ(t)b−Φ(t)
−1,
the connection X(t)−1w ∇Xw(t) preserves
Yw(t)Zw(t)b−Zw(t)
−1Yw(t)
−1 = b−,
and therefore has the form
∂t +
ℓ∑
i=1
t〈αi,λˇ〉fi −
µˇw
t
+ u(t), u(t) ∈ h[[t]].
By conjugating it with λˇ(t) we obtain a connection
∂t + p−1 −
λˇ+ µˇw
t
+ u(t), u(t) ∈ h[[t]].
Therefore we need to show that
(3.6) µˇw = w(λˇ + ρˇ)− (λˇ+ ρˇ).
To see that, let us apply the identity Φ(t)w−1 = Xw(t)Yw(t)Zw(t) to a non-
zero vector vw0(ν) of weight w0(ν) in a finite-dimensional irreducible g-module Vν
of highest weight ν (so that vw0(ν) is a lowest weight vector and hence is unique
up to scalar). The right-hand side will then be equal to a P (t)vw0(ν) plus the sum
of terms of weights greater than w0(ν), where P (t) = ct
〈w0(ν),µˇw〉, c 6= 0, plus the
sum of terms of higher degree in t. Applying the left-hand side to vw0(ν), we obtain
Φ(t)vw−1w0(ν), where vw−1w0(ν) ∈ Vν is a non-zero vector of weightw
−1w0(ν) which
is also unique up to a scalar.
Gaudin model and opers 31
Thus, we need to show that the coefficient with which vw0(ν) enters the ex-
pression Φ(t)vw−1w0(ν) is a polynomial in t whose lowest degree is equal to
〈w0(ν), w(λˇ + ρˇ)− (λˇ+ ρˇ)〉,
because if this is so for all dominant integral weights ν, then we obtain the desired
equality (3.6). But this formula is easy to establish. Indeed, from the form (3.4) of
the oper connection ∇ it follows that we can obtain a vector proportional to vw0
by applying the operators 1
〈αi,λˇ〉+1
t〈αi,λˇ〉+1fi, i = 1, . . . , ℓ, to vw−1w0(ν) in some
order. The linear combination of these monomials appearing in the solution is the
term of the lowest degree in t with which vw0(ν) enters Φ(t)vw−1w0(ν). It follows
from Lemma 3.2 that it is non-zero. The corresponding power of t is nothing but
the difference between the (λˇ+ ρˇ)-degrees of the vectors vw−1w0 and vw0 , i.e.,
〈w−1w0(ν), λˇ+ ρˇ〉 − 〈w0(ν), λˇ + ρˇ〉 = 〈w0(ν), w(λˇ + ρˇ)− (λˇ+ ρˇ)〉,
as desired. This completes the proof.
Thus, we have identified the space Connreg
Dx,λˇ,w
of connections on the H-
bundle Ωρˇ on D×x of the form with the space of Miura opers on D
×
x such that the
underlying oper belongs to OpG(Dx)λˇ and the corresponding B-reductions FB and
F′B have relative position w at x.
The condition that the image under bλˇ,w of a connection of the form
∂t −
w(λˇ + ρˇ)− ρˇ
t
+ u(t), u(t) ∈ h[[t]],
is an oper without monodromy imposes polynomial equations on the coefficients of
the series u(t). Consider the simplest case when λˇ = 0 and w = si, the ith simple
reflection. Then −w(λˇ+ ρˇ) + ρˇ = αˇi, so we write this connection as
(3.7) ∇ = ∂t +
αˇi
t
+ u(t), u(t) ∈ h[[t]].
Lemma 3.5 ([F3],Lemma 2.10). A connection of the form (3.7) belongs to ConnregDx,si
(i.e., the corresponding G-oper is regular at x) if and only if 〈αi,u(0)〉 = 0.
4. Wakimoto modules and Bethe Ansatz
In this section we explain how to construct Bethe eigenvectors of the generalized
Gaudin Hamiltonians. For that we utilize the Wakimoto modules over ĝκc which
are parameterized by Cartan connections on the punctured disc. As the result, the
eigenvectors will be parameterized by the Cartan connections on P1 with regular
singularities at z1, . . . , zN ,∞ and some additional points w1, . . . , wm with residues
λ1, . . . , λN , λ∞ and −αi1 , . . . ,−αim and whose Miura transformation is an oper
that has no singularities at w1, . . . , wm.
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4.1. Definition of Wakimoto modules
We recall some of the results of [FF1, F2] on the construction of the Wakimoto
realization.
Let Ag be the Weyl algebra with generators aα,n, a
∗
α,n, α ∈ ∆+, n ∈ Z, and
relations
(4.1) [aα,n, a
∗
β,m] = δα,βδn,−m, [aα,n, aβ,m] = [a
∗
α,n, a
∗
β,m] = 0.
Introduce the generating functions
aα(z) =
∑
n∈Z
aα,nz
−n−1,(4.2)
a∗α(z) =
∑
n∈Z
a∗α,nz
−n.(4.3)
Let Mg be the Fock representation of A
g generated by a vector |0〉 such that
aα,n|0〉 = 0, n ≥ 0; a
∗
α,n|0〉 = 0, n > 0.
It carries a vertex algebra structure (see [F2]).
Let π0 be the commutative algebra C[bi,n]i=1,...,ℓ;n<0 with the derivation T
given by the formula
T · bi1,n1 . . . bim,nm = −
m∑
j=1
njbi1,n1 . . . bij ,nj−1 · · · bim,nm .
Then π0 is naturally a commutative vertex algebra (see [FB], § 2.3.9). In particular,
we have
Y (bi,−1, z) = bi(z) =
∑
n<0
bi,nz
−n−1.
Recall that V0 carries the structure of a vertex algebra. Its vacuum vector
will be denoted by vκc .
In the next theorem describing the Wakimoto realization we will need the
formulas defining the action of the Lie algebra g on the space of functions on the
big cell U of the flag manifold G/B+. Here U is the open orbit of the unipotent
subgroup N+ = [B+, B+] which is isomorphic to N+. Since the exponential map
n+ → N+ is an isomorphism, we obtain a system of coordinates {yα}α∈∆+ on U
corresponding to a fixed basis of root vectors {eα}α∈∆+ in n+.
For each χ ∈ h∗ we have a homomorphism ρχ : g →֒ D≤1(N+) under which
the D≤1(N+)-module FunU becomes isomorphic to the g-module M
∗
χ that is con-
tragredient to the Verma module of highest weight χ.
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Explicitly, ρχ looks as follows. Let ei, hi, fi, i = 1 . . . , ℓ, be the generators
of g. Then
ρχ(ei) =
∂
∂yαi
+
∑
β∈∆+
P iβ(yα)
∂
∂yβ
,(4.4)
ρχ(hi) = −
∑
β∈∆+
β(hi)yβ
∂
∂yβ
+ χ(hi),(4.5)
ρχ(fi) =
∑
β∈∆+
Qiβ(yα)
∂
∂yβ
+ χ(hi)yαi ,(4.6)
for some polynomials P iβ , Q
i
β in yα, α ∈ ∆+.
In addition, we have a Lie algebra anti-homomorphism ρR : n+ → D≤1(N+)
which corresponds to the right action of n+ on N+. The differential operators
ρR(x), x ∈ n+, commute with the differential operators ρχ(x
′), x′ ∈ n+ (though
their commutation relations with ρχ(x
′), x′ 6∈ n+, are complicated in general). We
have
ρR(ei) =
∂
∂yαi
+
∑
β∈∆+
PR,iβ (yα)
∂
∂yβ
for some polynomials PR,iβ , Q
i
β in yα, α ∈ ∆+. We let
(4.7) eRi (z) =
∑
n∈Z
eRi,nz
−n−1 = aαi(z) +
∑
β∈∆+
PR,iβ (a
∗
α(z))aβ(z).
Now we can state the main result, due to [FF1, F2], concerning the Wakimoto
realization at the critical level.
Theorem 4.1. There exists a homomorphism of vertex algebras
wκc : V0 →Mg ⊗ π0
such that
ei(z) 7→ aαi(z) +
∑
β∈∆+
:P iβ(a
∗
α(z))aβ(z):,
hi(z) 7→ −
∑
β∈∆+
β(hi):a
∗
β(z)aβ(z): + bi(z),
fi(z) 7→
∑
β∈∆+
:Qiβ(a
∗
α(z))aβ(z): + ci∂za
∗
αi(z) + bi(z)a
∗
αi(z),
where the polynomials P iβ , Q
i
β are introduced in formulas (4.4)–(4.6).
In order to make the homomorphism wκc coordinate-independent, we need
to define the actions of the group AutO on V0,Mg and π0 which are intertwined
by wκc . We already have a natural action of AutO on V0 which is induced by its
action on ĝκc preserving the subalgebra g[[t]]. Next, we define the AutO-action on
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Mg by stipulating that for each α ∈ ∆+ the generating functions aα(z) and a
∗
α(z)
transform as a one-form and a functions on D×, respectively.
Finally, we identify π0 with the algebra FunConn(Ω
−ρ)D, where Conn(Ω
−ρ)D
is the space of connections on the LH-bundle Ω−ρ on D. Namely, we write a
connection from Conn(Ω−ρ)D as the first order operator ∂t + χ(t), where χ(t)
takes values in Lh ≃ h∗. Set
bi(t) = 〈αˇi, χ(t)〉 =
∑
n<0
bi,nt
−n−1.
Then we obtain an identification
FunConn(Ωρ)D ≃ C[bi,n]i=1,...,ℓ;n<0 = π0.
Now the natural action of AutO on FunConn(Ωρ)D gives rise to an action of AutO
on π0.
To write down this action explicitly, suppose that we have a connection on
the LH-bundle Ω−ρ on a curve X which with respect to a local coordinate t is
represented by the first order operator ∂t + χ(t). If s is another coordinate such
that t = ϕ(s), then this connection will be represented by the operator
(4.8) ∂s + ϕ
′(s)χ(ϕ(s)) + ρ ·
ϕ′′(s)
ϕ′(s)
.
Proposition 4.2 ([F2], Cor. 5.4). The homomorphism wκc commutes with the action
of AutO.
For a connection ∇ on the LH-bundle Ω−ρ, let ∇
∗
be the dual connection
on Ωρ. Explicitly, if ∇ is given by the operator ∂t +w(t), then ∇
∗
is given by the
operator ∂t −w(t). Sending ∇ to ∇
∗
, we obtain an isomorphism Conn(Ω−ρ)U ≃
Conn(Ωρ)U .
Recall the Miura transformation
bD× : Conn(Ω
ρ)D× → OpLG(D
×)
defined in Section 3.3. Using the isomorphism Conn(Ω−ρ)U ≃ Conn(Ω
ρ)U , we
obtain a map
(4.9) b
∗
D× : Conn(Ω
−ρ)D× → OpLG(D
×)
which by abuse of terminology we will also refer to as Miura transformation.
Consider the center z(ĝ) of the vertex algebra V0. Recall that we have
z(ĝ) = V
g[[t]]
0 ≃ Endĝκc V0.
Theorem 4.3 ([F2], Theorem 11.3). Under the homomorphism wκc the center
z(ĝ) ⊂ V0 gets mapped to the vertex subalgebra π0 of Mg ⊗ π0. Moreover, we
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have the following commutative diagram
π0
∼
−−−−→ FunConn(Ω−ρ)Dx x
z(ĝ)
∼
−−−−→ FunOpLG(D)
.
where the right vertical map is induced by the Miura transformation b
∗
D given
by (4.9).
This theorem implies the following result. Let N be a module over the vertex
algebra Mg and R a module over the vertex algebra π0 ≃ FunConn(Ω
ρ)D. Then
the homomorphism wκc gives rise to the structure of a V0-module, and hence of a
smooth ĝκc-module on the tensor product N ⊗R.
It follows from the general theory of [FB], Ch. 5, that a module over the
vertex algebra Mg is the same as a smooth module over the Weyl algebra A
g, i.e.,
such that every vector is annihilated by aα,n, a
∗
α,n for large enough n. Likewise,
a module over the commutative vertex algebra FunConn(Ω−ρ)D is the same as
a smooth module over the commutative topological algebra FunConn(Ω−ρ)D× .
Note that
FunConn(Ω−ρ)D× ≃ lim
←−
C[bi,n]i=1,...,ℓ;n∈Z/IN ,
where IN is the ideal generated by bi,n, i = 1, . . . , ℓ;n ≥ N . A module over this
algebra is called smooth if every vector is annihilated by the ideal IN for large
enough N . Thus, for each choice of Ag-module N we obtain a “semi-infinite in-
duction” functor from the category of smooth FunConn(Ω−ρ)D×-modules to the
category of smooth ĝκc-modules (on which the central element 1 acts as the iden-
tity), R 7→ N ⊗R.
Now Theorem 4.3 implies
Corollary 4.4. The action of Z(ĝ) on the ĝκc-module N ⊗R is independent of the
choice of N and factors through the homomorphism Z(ĝ) ≃ FunOpLG(D
×) →
FunConn(Ω−ρ)D× induced by the Miura transformation b
∗
D× .
For example, for a connection∇ = ∂z+χ(z) in Conn(Ω
−ρ)D× , let C∇ = Cχ(z)
be the corresponding one-dimensional module of FunConn(Ω−ρ)D× . Then Mg ⊗
Cχ(z) is called the Wakimoto module of critical level corresponding to ∂z + χ(z),
and is denoted by Wχ(z).
We will use below the following result.
Lemma 4.5 ([FFR], Lemma 2). Let
χ(z) = −
αi
z
+
∞∑
n=0
χnz
n, χn ∈ h
∗.
The vector eRi,−1|0〉 ∈Wχ(z) is g[[t]]-invariant if and only if 〈αˇi, χ0〉 = 0.
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4.2. Functoriality of coinvariants
We will construct eigenvectors of the generalized Gaudin Hamiltonians using func-
tionals on the space of coinvariants of Wakimoto modules on P1. First we explain
some general facts about the compatibility of various spaces of coinvariants.
Following the general construction of [FB], Ch. 10, we define the spaces
of coinvariants HMg(X, (xi), (Mi)) (resp., Hπ0(X, {xi}, (Ri)) ) attached to a
smooth projective curve X , points x1, . . . , xp and Mg-modules N1, . . . , Np (resp.,
π0-modules R1, . . . , Rp). These spaces are defined in elementary terms in [FFR],
Sect. 5, and in [FB], Ch. 13–14. We also define spaces of coinvariants for the tensor
product vertex algebra Mg ⊗ π0. We have a natural identification
HMg⊗π0(X, (xi), (Ni ⊗Ri)) = HMg(X, (xi), (Ni))⊗Hπ0(X, (xi), (Ri)).
The vertex algebra homomorphism wκc : V0 →Mg⊗π0 of Theorem 4.1 gives
rise to a surjective map of the spaces of coinvariants
HV0(X, (xi), (Ni ⊗Ri))։ HMg⊗π0(X, (xi), (Ni ⊗Ri))
and hence a surjective map
(4.10) HV0(X, (xi), (Ni ⊗Ri))։ HMg(X, (xi), (Ni))⊗Hπ0(X, (xi), (Ri)).
Now recall that in the proof of Theorem 2.7 we explained that since z(ĝ) ≃
FunOpLG(D) is the center of V0, we have a homomorphism of algebras
(4.11) Hz(ĝ)(X, (xi), (Z(Mi)))→ EndC HV0(X, (xi), (Mi)).
In addition, we have an isomorphism
(4.12) Hz(ĝ)(X, (xi), (Z(Mi))) ≃ FunOpLG(X, (xi), (Mi)),
where OpLG(X, (xi), (Mi)) is the space of
LG-opers on X which are regular
on X\{x1, . . . , xN} and such that their restriction to D
×
x belongs to the space
OpMiLG(D
×
xi) = SpecZ(Mi) for all i = 1, . . . , N .
We can describe the space of coinvariants Hπ0(X, (xi), (Ri)) for the commu-
tative vertex algebra π0 ≃ FunConn(Ω
−ρ)D in similar terms. If R is a π0-module,
or equivalently, a smooth FunConn(Ω−ρ)D×-module, let π0(R) be the image of
the corresponding homomorphism
FunConn(Ω−ρ)D× → EndC R.
Let Conn(Ω−ρ)(X, (xi), (Ri)) be the space of connections on Ω
−ρ on
X\{x1, . . . , xN} whose restriction to D
×
xi belongs to the space Conn(Ω
−ρ)Ri
D×xi
=
Specπ0(Ri). Then we have an isomorphism
Hπ0(X, (xi), (Ri)) ≃ FunConn(Ω
−ρ)(X, (xi), (Ri)).
It follows from Corollary 4.4 that if Mi = Ni ⊗ Ri, then Z(Ni ⊗ Ri) is the
image of Z(ĝ) ≃ FunLG(D
×) under the homomorphism
FunLG(D
×)
b
∗
D×−→ FunConn(Ω−ρ)D× → EndC Ri,
where the first map is induced by the Miura transformation.
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Recall that in Section 3.2 we introduced the maps
bU : Conn(Ω
ρ)U → MOpLG(U)gen, bU : Conn(Ω
ρ)U → OpLG(U).
Using the identification Conn(Ωρ)U ≃ Conn(Ω
−ρ)U , we obtain maps
b
∗
U : Conn(Ω
−ρ)U → MOpLG(U)gen, b
∗
U : Conn(Ω
−ρ)U → OpLG(U).
The second map is the Miura transformation. In the case when U = X\{x1, . . . , xN}
the Miura transformation b
∗
U restricts to a map
Conn(Ω−ρ)(X, (xi), (Ri))→ OpLG(X, (xi), (Ni ⊗Ri)),
and hence gives rise to a homomorphism
(4.13) FunOpLG(X, (xi), (Ni ⊗Ri))→ FunConn(Ω
−ρ)(X, (xi), (Ri)),
which does not depend on the Ni’s.
Now we have an action of the algebra OpLG(X, (xi), (Ni⊗Ri)) on both sides
of the map (4.10). The action on the left-hand side comes from the homomorphisms
(4.11) and (4.12). The action on the right-hand side comes from the homomorphism
(4.13).
The functoriality of the coinvariants implies the following
Lemma 4.6. The map (4.10) commutes with the action on both sides of the algebra
OpLG(X, (xi), (Ni ⊗Ri)).
Consider the special case where all modules Ri, i = 1, . . . , N , are one-dimen-
sional, i.e., Ri = C∇i , where ∇i is a point in Conn(Ω
−ρ)D×xi
, and Ri is the repre-
sentation obtained from the homomorphism FunConn(Ω−ρ)D×xi
induced by ∇i. In
this case we have the following description of the space Hπ0(X, (xi), (C∇i)) which
follows from the general results on coinvariants of commutative vertex algebras
from Sect. 9.4 of [FB] (see also [FFR], Prop. 4, in the case when X = P1).
Proposition 4.7. The space Hπ0(X, (xi), (C∇i)) is one-dimensional if and only if
there exists a connection ∇ on the LH-bundle Ω−ρ on X\{x1, . . . , xp,∞} such that
the restriction of ∇ to the punctured disc at each xi is equal to ∇i, i = 1, . . . , N .
Otherwise, Hπ0(X, (xi), (C∇i)) = 0.
Suppose that such a connection ∇ exists and the space Hπ0(X, (xi), (C∇i))
is one-dimensional. Then the map (4.10) reads
HV0(X, (xi), (Ni ⊗ C∇i))։ HMg(X, (xi), (Ni)).
Composing this map with any linear functional on HMg(X, (xi), (Ni)), we obtain
a linear functional
φ : HV0(X, (xi), (Ni ⊗ C∇i))→ C.
The algebra z(ĝ)u = FunOpLG(Du) acts on the space HV0(X, (xi), (Ni ⊗
C∇i
)), and its action factors through the homomorphism (2.9)
FunOpLG(Du)→ FunOpLG(X, (xi), (Ni ⊗ C∇i)).
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According to Lemma 4.6, this action factors through the homomorphism (4.13).
In our case Ri = C∇i , and so Conn(Ω
−ρ)(X, (xi), (Ri)) is a point corresponding
to the connection ∇. It follows from the definition that OpLG(X, (xi), (Ni⊗C∇i))
is also a point, corresponding to the oper which is the image of ∇ under the Miura
transformation b
∗
X\{x1,...,xN}. Thus, we obtain:
Proposition 4.8. The functional φ is an eigenvector of the algebra z(ĝ)u ≃
OpLG(Du), and the corresponding homomorphism FunOpLG(Du)→ C is defined
by the point b
∗
Du(∇|Du) ∈ OpLG(Du).
4.3. The case of P1
We will use Proposition 4.8 in the case when X = P1, equipped with a global
coordinate t. Consider a collection of distinct points x1, . . . , xp and ∞ on P
1. As
theMg-module Ni attached to xi, i = 1, . . . , p, we will takeMg. As theMg-module
N∞ attached to the point∞ we will take another moduleM
′
g generated by a vector
|0〉′ such that
aα,n|0〉
′ = 0, n > 0; a∗α,n|0〉
′ = 0, n ≥ 0.
As the π0-module Ri attached to xi, i = 1, . . . , p, we will take the one-dimensional
module C∇i = Cχi(z), where ∇i = ∂z + χi(z), χi(z) ∈ h
∗((z)) and as module R∞
attached to the point ∞ we will take Cχ∞(z). Thus, Mi ⊗ Ri is the Wakimoto
module Wχi(z) for all i = 1, . . . , p. We denote the module M
′
g⊗Cχ∞(z) byW
′
χ∞(z)
.
We have the following special case of Proposition 4.7:
Proposition 4.9 ([FFR], Prop. 4). The space HMg(P
1; (xi),∞; (Mg),M
′
g) is one-
dimensional and the projection of the vector |0〉⊗N ⊗ |0〉′ on it is non-zero.
The space Hπ0(P
1, (xi),∞; (Cχi(z)),Cχ∞(z)) is one-dimensional if and only
if there exists a connection ∇ on the LH-bundle Ω−ρ on P1 which is regular on
P1\{x1, . . . , xp,∞} and such that the restriction of ∇ to the punctured disc at each
xi is equal to ∂t+χi(t−xi), and its restriction to the punctured disc at ∞ is equal
to ∂t−1 + χ∞(t
−1).
Otherwise, Hπ0(P
1, (xi),∞; (Cχi(z)),Cχ∞(z)) = 0.
Formula (4.8) shows that if we have a connection on Ω−ρ over P1 whose
restriction to P1\∞ is represented by the operator ∂t + χ(t), then its restriction
to the punctured disc D×∞ at ∞ reads, with respect to the coordinate u = t
−1, is
represented by the operator
∂u − u
−2χ(u−1)− 2ρu−1.
We will choose χi(z) to be of the form
χi(z) = χi +
∑
n≥0
χi,nz
n,
and χ∞(z) to be of the form
χ∞(z) = χ∞ +
∑
n≥0
χ∞,nz
n.
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The condition of the proposition is then equivalent to saying that the restriction
of ∇ to P1\∞ is represented by the operator
∂t +
p∑
i=1
χi
t− zi
,
and that χi(t − zi) is the expansion of χ(t) at zi, i = 1, . . . , p, while χ∞(t
−1) is
the expansion of −t2χ(t)− 2ρt in powers of t−1. Note that then we have χ∞(u) =
χ∞/u+ . . ., where χ∞ = −2ρ−
∑p
i=1 χi.
By Proposition 4.9, the spaces of coinvariants HMg(P
1; (xi),∞; (Mg),M
′
g)
and Hπ0(P
1; (xi),∞; (Cχi(z)),Cχ∞(z)) are one-dimensional. Hence the map (4.10)
gives rise to a non-zero linear functional
(4.14) τ(xi) : HV0(P
1; (xi),∞; (Wχi(z)),W
′
χ∞(z)
)→ C.
We normalize it so that its value on |0〉⊗N ⊗ |0〉′ is equal to 1.
The algebra z(ĝ)u = FunOpLG(Du) acts on this space. By Proposition 4.8,
τ(xi) is an eigenvector of this algebra and the corresponding homomorphism
FunOpLG(Du)→ C
is defined by the point b
∗
Du(∇|Du) ∈ OpLG(Du).
Let us fix highest weights of g, λ1, . . . , λN , and a set of simple roots of g,
αi1 , . . . , αim . Consider a connection ∇ on Ω
−ρ on P1 whose restriction to P1\∞ is
equal to ∂t + λ(t), where
(4.15) λ(t) =
N∑
i=1
λi
t− zi
−
m∑
j=1
αij
t− wj
.
Denote by λi(t− zi) the expansions of λ(t) at the points zi, i = 1, . . . , N , and by
µj(t− wj) the expansions of λ(t) at the points wj , j = 1, . . . ,m. We have:
λi(z) =
λi
z
+ · · · , µj(z) = −
αij
z
+ µj,0 + · · · ,
where
(4.16) µj,0 =
N∑
i=1
λi
wj − zi
−
∑
s6=j
αis
wj − ws
.
Finally, let λ∞(t
−1) be the expansion of −t2λ(t) − 2ρt in powers of t−1. Thus we
have
(4.17) λ∞(z) = z
−1
− N∑
i=1
λi +
m∑
j=1
αij − 2ρ
+ · · · .
We have a linear functional τ(zi),(wj) on the corresponding space of coinvariants
HV0(P
1; (zi), (wj),∞; (Wλi(z)), (Wµj (z)),W
′
λ∞(z)
).
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In particular, this space is non-zero. The functional τ(zi),(wj) is an eigenvector of
z(ĝ)u = FunOpLG(Du), and its eigenvalue is the
LG-oper on Du which is the
restriction to Du of the oper in Op
RS
LG(P
1)(zi),(wj),∞;(λi),(−αij ),λ∞ given by the
Miura transformation of the connection ∂t + λ(t). We will now use it to construct
an eigenvector of the Gaudin algebra.
4.4. Bethe vectors
By Lemma 4.5, the vectors eRij ,−1|0〉 ∈ Wµj(z) are g[[t]]-invariant if and only if
the equations 〈αˇij , µj,0〉 = 0 are satisfied, where µj,0 is the constant coefficient in
the expansion of λ(t) at wj given by formula (4.16), i.e., the following system of
equations is satisfied
(4.18)
N∑
i=1
〈αˇij , λi〉
wj − zi
−
∑
s6=j
〈αˇij , αis〉
wj − ws
= 0, j = 1, . . . ,m.
They are called the Bethe Ansatz equations. This is a system of equations on the
complex numbers wj , j = 1, . . . ,m, to each of which we attach a simple root αij .
We have an obvious action of a product of symmetric groups permuting the points
wj corresponding to simple roots of the same kind. In what follows, by a solution
of the Bethe Ansatz equations we will understand a solution defined up to these
permutations. We will adjoin to the set of all solutions associated to all possible
collections {αij} of simple roots of g, the unique “empty” solution, corresponding
to the empty set of simple roots.
Suppose that these equations are satisfied. Then we obtain a homomorphism
of ĝκc-modules
N⊗
i=1
Wλi(z) ⊗ V
⊗m
0 ⊗W
′
λ∞(z)
→
N⊗
i=1
Wλi(z) ⊗
m⊗
j=1
Wµj(z) ⊗W
′
λ∞(z)
,
which sends the vacuum vector in the jth copy of V0 to e
R
ij ,−1
|0〉 ∈Wµj(z). Hence
we obtain the corresponding map of the spaces of coinvariants. But the insertion of
V0 does not change the space of coinvariants. Hence the first space of coinvariants
is isomorphic to
HV0(P
1; (zi),∞; (Wλi(z)),W
′
λ∞(z)
) = H((Wλi(z)),W
′
λ∞(z)
).
Therefore, composing this map with τ(zi),(wj), we obtain a linear functional
(4.19) τ˜(zi),(wj) : H((Wλi(z)),W
′
λ∞(z)
)→ C.
By construction, τ˜(zi),(wj) is an eigenvector of z(ĝ)u = FunOpLG(Du), and its
eigenvalue is the LG-oper on Du which is the restriction of an oper on P
1 with
singularities given by the Miura transformation of the connection ∂t + λ(t).
Let U = P1\{z1, . . . , zN , w1, . . . , wm,∞} and Conn(Ω
−ρ)gen(zi),∞;(λi),λ∞ be the
subset of Conn(Ω−ρ)U , consisting of all connections on Ω
−ρ on P1 with regular
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singularities of the form ∂t + λ(t), where λ(t) is given by (4.15), such that their
Miura transformation is a LG-oper in
(4.20) OpRSLG(P
1)(zi),∞;(λi),λ∞ ⊂ Op
RS
LG(P
1)(zi),(wj),∞;(λi),(−αij ),λ∞ .
In other words, Conn(Ω−ρ)gen(zi),∞;(λi),λ∞ consists of those connections ∂t + λ(t),
where λ(t) is given by (4.15), whose Miura transformation is a LG-oper on U
whose restriction to D×wj belongs to OpLG(Dwj ) ⊂ Op
RS
LG(D
×
wj ).
Thus, we have a map
(4.21) b
∗
(zi),∞;(λi),λ∞ : Conn(Ω
−ρ)gen(zi),∞;(λi),λ∞ → Op
RS
LG(P
1)(zi),∞;(λi),λ∞ .
Proposition 4.10 ([FFR], Prop. 6). There is a bijection between the set of solutions
of the Bethe Ansatz equations (4.18) and the set Conn(Ω−ρ)gen(zi),∞;(λi),λ∞ .
Proof. Applying the Miura transformation to the connection ∂t+λ(t), where λ(t)
is given by (4.15), we obtain a LG-oper on P1 which has regular singularities at the
points z1, . . . , zN , and ∞ with residues ̟(λ1+ ρ), . . . , ̟(λN + ρ) and ̟(λ∞+ ρ),
respectively, and at the points w1, . . . , wm with residues ̟(−αij +ρ) = ̟(ρ). But
by Lemma 3.5, this oper is regular at the points w1, . . . , wm if and only if the
equations 〈αˇij , µj,0〉 = 0 are satisfied, where µj,0 is the constant coefficient in the
expansion of λ(t) at wj given by formula (4.16). These equations are precisely the
Bethe Ansatz equations (4.18).
Now let w1, . . . , wm be a solution of the Bethe Ansatz equations (4.18). Con-
sider the corresponding connection ∂t + λ(t) in Conn(Ω
−ρ)gen(zi),∞;(λi),λ∞ , where
λ(t) is of the form (4.15). Recall that the linear functional τ˜(zi),(wj) from formula
(4.19) is an eigenvector of z(ĝ)u = FunOpLG(Du), and its eigenvalue is the
LG-
oper on Du obtained by restriction of the oper in Op
RS
LG(P
1)(zi),∞;(λi),λ∞ given by
the Miura transformation of the connection ∂t + λ(t).
Therefore we obtain that the action of z(ĝ)u on the spaceH((Wλi(z)),W
′
λ∞(z)
)
factors through the Gaudin algebra Z(zi)(g), which acts on it according to the
character corresponding to the LG-oper b
∗
(zi),∞;(λi),λ∞(∂t + λ(t)).
We wish to use this fact to construct eigenvectors of the algebra Z(zi)(g) on
the tensor product of Verma modules
⊗N
i=1Mλi .
For λ(z) ∈ h∗ ⊗ z−1C[[z]] denote by λ−1 the residue of λ(z)dz at z = 0. Let
W˜λ(z) the subspace of a Wakimoto module Wλ(z), which is generated from the
vector |0〉 by the operators a∗α,0, α ∈ ∆+. This space is stable under the action of
the constant subalgebra g of ĝκc . It follows from the formulas defining the action
of ĝκc on Wλ(z) that as a g-module, W˜λ(z) is isomorphic to the module M
∗
λ−1
contragredient to the Verma module over g with highest weight λ−1. Likewise, the
subspace W˜ ′λ(z) generated from the vector |0〉
′ by the operators aα,0, α ∈ ∆+, is
stable under the action of the constant subalgebra g of ĝκc and is isomorphic as
a g-module to the module M ′2ρ+λ−1 the Verma module over g with lowest weight
2ρ+ λ−1.
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Let M∗χ be the ĝκc-module induced from M
∗
χ, and let M
′
χ be the ĝκc-module
induced from M ′χ (see Section 2.2). The embeddings of g-modules M
∗
λ−1
→Wλ(z)
andM ′2ρ+λ−1 →W
′
λ(z) induce homomorphisms of ĝκc-modules M
∗
λ−1
→Wλ(z) and
M′2ρ+λ−1 →W
′
λ(z). Thus, we obtain a homomorphism
N⊗
i=1
M
∗
λi ⊗M
′
2ρ+λ∞ →
N⊗
i=1
Wλi(z) ⊗W
′
λ∞(z)
,
where
λ∞ = −2ρ−
N∑
i=1
λi +
m∑
j=1
αij .
This homomorphism gives rise to a map of the corresponding spaces of coinvariants
H((M∗λi ),M
′
2ρ+λ∞)→ H((Wλi(z)),W
′
λ∞(z)
).
The composition of this map with the functional τ˜(zi),(wj) defined above is a
linear functional
τ (zi),(wj) : H((M
∗
λi),M
′
2ρ+λ∞)→ C.
But we have an isomorphism
H((M∗λi ),M
′
2ρ+λ∞) ≃ (
N⊗
i=1
M∗λi ⊗M
′
2ρ+λ∞)/g ≃ (
N⊗
i=1
M∗λi)−2ρ−λ∞/n−,
where the subscript indicates the subspace of weight −2ρ − λ∞ =
∑N
i=1 λi −∑m
j=1 αij . Thus, we obtain an n−-invariant functional
ψ(wi11 , . . . , w
im
m ) : (
N⊗
i=1
M∗λi)−2ρ−λ∞ → C,
or equivalently an n+-invariant vector
φ(wi11 , . . . , w
im
m ) ∈ ⊗
N
i=1Mλi
of weight
∑N
i=1 λi −
∑m
j=1 αij .
Recall that τ˜(zi),(wj) is an eigenvector of the algebra z(ĝ)u = FunOpLG(Du),
and its eigenvalue is the LG-oper on P1 given by the Miura transformation of the
connection ∂t+λ(t), where λ(t) is given by (4.15). Hence φ(w
i1
1 , . . . , w
im
m ) is also an
eigenvector of z(ĝ)u with the same eigenvalue. But we know from the proof of The-
orem 2.7 that the action of z(ĝ)u on the space of coinvariants H((M
∗
λi
),M′2ρ+λ∞)
factors through the Gaudin algebra Z(zi)(g) and further through Z(zi),∞;(λi),λ∞(g).
Therefore φ(wi11 , . . . , w
im
m ) is an eigenvector of the Gaudin algebra Z(zi)(g), and the
eigenvalues of Z(zi)(g) on this vector are encoded by the
LG-oper obtained by the
Miura transformation of the connection ∂t + λ(t), where λ(t) is given by (4.15).
Let us summarize our results.
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Theorem 4.11 ([FFR], Theorem 3). If the Bethe Ansatz equations (4.18) are sat-
isfied, then the vector
φ(wi11 , . . . , w
im
m ) ∈ ⊗
N
i=1Mλi
is an eigenvector of the algebra Z(zi),∞;(λi),λ∞(g). Its eigenvalues define a point in
SpecZ(zi),∞;(λi),λ∞ = Op
RS
LG(P
1)(zi),∞;(λi),λ∞ ,
which is the image of the connection ∂t+λ(t) with λ(t) as in formula (4.15), under
the Miura transformation b
∗
(zi),∞;(λi),λ∞ given by formula (4.21).
The vector φ(wi11 , . . . , w
im
m ) is called the Bethe vector corresponding to a
solution of the Bethe Ansatz equations (4.18), or equivalently, an element of the
set Conn(Ω−ρ)gen(zi),∞;(λi),λ∞ . An explicit formula for this vector is given in [FFR],
Lemma 3 (see also [ATY]):
φ(wi11 , . . . , w
im
m )
(4.22)
= (−1)m
∑
p=(I1,...,IN )
N∏
j=1
F
(j)
ij1
F
(j)
ij2
. . . F
(j)
ijaj
(wij1
− wij2
)(wij2
− wij3
) . . . (wijaj
− zj)
vλ1 ⊗ . . . vλN .
Here the summation is taken over all ordered partitions I1 ∪ I2 ∪ . . . ∪ IN of the
set {1, . . . ,m}, where Ij = {ij1, i
j
2, . . . , i
j
aj}.
The fact that this vector is an eigenvector of the Gaudin Hamiltonians Ξi has
also been established by other methods in [BaFl, RV]. But Theorem 4.11 gives us
much more: it tells us that this vector is also an eigenvector of all other generalized
Gaudin Hamiltonians, and identifies the LG-oper encoding their eigenvalues on this
vector as the Miura transformation of the connection ∂t+λ(t). We recall that this
last result follows from Corollary 4.4 which states that the central characters on
the Wakimoto modules are obtained via the Miura transformation.
5. The case of finite-dimensional g-modules
In this section we consider the eigenvectors of the Gaudin algebra Z(zi)(g) on the
space
H((Vλi ), Vλ∞) =
(
N⊗
i=1
Vλi ⊗ Vλ∞
)G
(recall that Vλ denotes the irreducible finite-dimensional g-module with a dominant
integral highest weight λ). Recall that the action of Z(zi)(g) on this space factors
through the algebra Z(zi),∞;(λi),λ∞(g), so that we have a homomorphism
Z(zi),∞;(λi),λ∞ → EndC
N⊗
i=1
Vλi ⊗ Vλ∞ .
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The image of this homomorphism was denoted by Z(zi),∞;(λi),λ∞(g). Then the set
of all common eigenvalues of the algebra Z(zi)(g) acting on
(⊗N
i=1 Vλi ⊗ Vλ∞
)G
(without multiplicities) is precisely the spectrum of the algebra Z(zi),∞;(λi),λ∞(g).
By Theorem 2.7,(3), the algebra Z(zi),∞;(λi),λ∞(g) is a quotient of the algebra
of functions on the space OpLG(P
1)(zi),∞;(λi),λ∞ , so that its spectrum injects into
OpLG(P
1)(zi),∞;(λi),λ∞ . Thus, we have there following result:
Proposition 5.1. There is an injective map
(5.1) SpecZ(zi),∞;(λi),λ∞(g) →֒ OpLG(P
1)(zi),∞;(λi),λ∞ .
In other words, each common eigenvalue of the Gaudin algebra Z(zi)(g) that occurs
in the space
(⊗N
i=1 Vλi ⊗ Vλ∞
)G
is encoded by a point of OpLG(P
1)(zi),∞;(λi),λ∞ ,
i.e., by a LG-oper on P1 with regular singularities at z1, . . . , zN ,∞, with residues
λ1, . . . , λN , λ∞ at those points and trivial monodromy representation
π1(P
1\{z1, . . . , zN ,∞})→
LG.
We wish to construct an inverse map from OpLG(P
1)(zi),∞;(λi),λ∞ to the
spectrum of Z(zi)(g) on
(⊗N
i=1 Vλi ⊗ Vλ∞
)G
.
We start with a more intrinsic geometric description of OpLG(P
1)(zi),∞;(λi),λ∞ .
5.1. Geometric description of opers without monodromy
In order to simplify our notation, in this section we will use the symbol G instead
of LG to denote our group.
Suppose that we have a G-oper τ : (F,∇,FB) on a curve U . Consider the
associated bundle of flag manifolds
(G/B)F = F ×
G
G/B ≃ FB ×
B
G/B = (G/B)FB .
The reduction FB gives rise to a section of this bundle.
Now suppose that the monodromy representation π1(U)→ G corresponding
to this oper is trivial. Picking a point x ∈ U , we may then use the connection ∇ to
identify the fibers of the oper bundle F at all points of U with the fiber Fx at x.
Choosing a trivialization ıx : G
∼
→ Fx of Fx, we then obtain a trivialization of the
bundle F, and hence of the bundle (G/B)F. Let us fix ıx and the corresponding
trivialization of F. Then the B-reduction FB gives rise to a map φτ : U → G/B.
The oper condition may be described as follows. Define an open B-orbit
O ⊂ [n, n]⊥/b ⊂ g/b, consisting of vectors which are stabilized by N ⊂ B, and
such that all of their negative simple root components, with respect to the adjoint
action of H = B/N , are non-zero. This orbit may also be described as the B-
orbit of the sum of the projections of simple root generators fi of any nilpotent
subalgebra n−, which is in generic position with b, onto g/b. The torus H acts
simply transitively on O, and so O is an H-torsor.
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Define an ℓ-dimensional distribution TOpG/B in the tangent bundle to G/B
as follows. The tangent space to gB is identified with the quotient g/gbg−1. The
fiber of TOpG/B at gB is by definition its subspace [n, n]
⊥/b. It contains an open
dense subset gOg−1. We denote by
◦
TOpG/B the open dense subset of TOpG/B
whose fiber at gB is gOg−1.
A map φ : U → G/B is said to satisfy the oper condition if at each point of
U the tangent vector to φ belongs to
◦
TOpG/B.
For example, if G = PGL2, then the flag manifold is P
1, and a map φ : U →
P1 satisfies the oper condition if and only if it has a non-vanishing differential
everywhere on X .
If τ is an oper, then the map φτ : U → G/B satisfies the oper condition (note
that
◦
TOpG/B is G-invariant, and therefore this condition is independent of the
trivialization ıx). Conversely, if we are given a map φ : U → G/B satisfying the
oper condition, then the triple (F,∇,FB), where F is the trivial G-bundle on U ,
∇ is the trivial connection, and FB is the B-reduction of F defined by the map φ,
is a G-oper. Thus, we obtain a bijection between the set of all G-opers on U with
trivial monodromy representation and the set of equivalence classes, with respect
to the action of G on G/B, of maps φ : U → G/B satisfying the oper condition.
Now let λˇ be a dominant integral coweight of G. A map D× → H is said
to vanish at the origin to order λˇ if it may be obtained as the composition of an
embedding D× → C× at the origin and the cocharacter λˇ : C× → H . We will say
that a map φ : U → G/B satisfies the λˇ-oper condition at y ∈ U if the restriction
of φ to the punctured disc D×y satisfies the oper condition and the corresponding
map φD×y : D
×
y → O ≃ H vanishes to the order λˇ.
For example, if G = PGL2, then we can identify the dominant integral
weights of G with non-negative integers. Then a map φ : U → P1 satisfies the
λˇ-oper condition at y ∈ U if its differential vanishes to the order λˇ at y.
Recalling the definition of the space OpG(Dx)λˇ given in Section 1.3, we obtain
the following result.
Proposition 5.2. There is a bijection between the set OpG(P
1)(zi),∞;(λˇi),λˇ∞ and the
set of equivalence classes, with respect to the action of G on G/B, of the maps
φ : P1 → G/B satisfying the oper condition on P1\{z1, . . . , zN ,∞}), the λˇi-oper
condition at zi and the λˇ∞-oper condition at ∞.
In particular, the points of OpPGL2(P
1)(zi),∞;(λˇi),λˇ∞ are the same as the
equivalence classes of maps P1 → P1 whose differential does not vanish anywhere
on P1\{z1, . . . , zN ,∞}) and vanishes to order λˇi at zi, i = 1, . . . , N , and to order
λˇ∞ at ∞.
5.2. From opers without monodromy to Bethe vectors
Let τ = (F,∇,FLB) ∈ OpLG(P
1)(zi),∞;(λi),λ∞ . By Proposition 5.2, we attach
to it a map φτ : P
1 → LG/LB. A horizontal LB-reduction on τ is completely
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determined by the choice of LB-reduction at any given point x ∈ P1, which is a
point of (LG/LB)FLB,x ≃
LG/LB (see Lemma 3.1). We will choose the point ∞
as our reference point on P1. Then we obtain
Lemma 5.3. For τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ the set of Miura opers on P
1 with the
underlying oper τ is in bijection with the set of points of (LG/LB)FLB,∞ ≃
LG/LB.
Now suppose we are given an oper τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ . We fix a
trivialization of the fiber F∞ of F at ∞ and consider the corresponding map
φτ : P
1 → LG/LB. Then the value of φτ at ∞ ∈ P
1 is the point LB ∈ LG/LB.
Consider the Miura oper structure on τ corresponding to LB ∈ LG/LB, considered
as a point in the fiber (LG/LB)FLB,∞ . This is the unique Miura oper structure on
τ for which the horizontal Borel reduction F′LB,∞ at the point ∞ coincides with
the oper reduction FLB,∞ (which is the point
LB ∈ LG/LB with respect to our
trivialization).
Let us suppose that the oper τ satisfies the following conditions:
(1) φτ (zi) is in generic position with
LB for all i = 1, . . . , N ;
(2) the relative position of φτ (x) and
LB is either generic or corresponds to a
simple reflection si ∈ W for all x ∈ A
1 = P1\∞.
Then we will call τ a non-degenerate oper.
Let τ be a non-degenerate oper in OpLG(P
1)(zi),∞;(λi),λ∞ . Consider the unique
Miura oper (F,∇,FLB,F
′
LB) whose underlying oper is τ and such that FLB,∞ cor-
responds to the point LB ∈ LG/LB ≃ (LG/LB)FLB,∞ . According to the above
conditions, the reductions FLB and F
′
LB are in generic position for all but finitely
many points of P1, which are distinct from z1, . . . , zN ,∞. Let us denote these
points by w1, . . . , wm. Then at the point wj the two reductions have relative po-
sition sij . According to Proposition 3.3, to this Miura oper corresponds a connec-
tion on the LH-bundle Ωρ, and hence a connection ∇ on the dual bundle Ω−ρ on
P1\{z1, . . . , zN , w1, . . . , wm,∞}. Moreover, by Proposition 3.4, the connection ∇
extends to a connection with regular singularity on Ω−ρ on the entire P1, with
residues λi at zi, i = 1, . . . , N , w0(λ∞+ρ)−ρ at∞, and −αij at wj , j = 1, . . . ,m.
(Note that in Proposition 3.4 we described the residues of connections of the bun-
dle Ωρ. Since now we consider connections on Ω−ρ which is dual to Ωρ, when
applying Proposition 3.4 we need to change the signs of all residues.)
Therefore, the restriction of ∇ to P1\∞ reads
(5.2) ∇ = ∂t +
N∑
i=1
λi
t− zi
−
m∑
j=1
αij
t− wj
.
Using transformation formula (3.2), we find that the residue of ∇ at∞ is equal to
−2ρ−
N∑
i=1
λi +
m∑
j=1
αij .
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But by our assumption this residue is equal to w0(λ∞ + ρ)− ρ. Therefore we find
that
(5.3) −w0(λ∞) =
N∑
i=1
λi −
m∑
j=1
αij .
In addition, the condition that the oper τ has trivial monodromy represen-
tation and Lemma 3.5 imply that if
∂t − αij/(t− wj) + uj(t− wj), uj(u) ∈
Lh[[u]],
is the expansion of the connection (5.2) at the point wj , then 〈αˇij ,uj(0)〉 = 0 for
all j = 1, . . . ,m. When we write them explicitly, we see immediately that these
equations are precisely the Bethe Ansatz equations (4.18)!
Thus, we have attached to a non-degenerate oper τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞
a connection ∇ = ∂t + λ(t) on Ω
−ρ and a solution of the Bethe Ansatz equations.
By construction, the Miura transformation of this connection is the oper τ , and
so we obtain the following
Proposition 5.4. Suppose that all opers in OpLG(P
1)(zi),∞;(λi),λ∞ are non-degene-
rate. Then there is a bijection between the set OpLG(P
1)(zi),∞;(λi),λ∞ and the set of
solutions of Bethe Ansatz equations (4.18) such that the weight
∑N
i=1 λi−
∑m
j=1 αij
is dominant.
Thus, given a non-degenerate oper τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ , we obtain
a solution of Bethe Ansatz equations (4.18). We then follow the procedure of
Section 4.4 to assign to the above solution of the Bethe Ansatz equations an
eigenvector of the Gaudin algebra Z(zi)(g) in
⊗N
i=1Mλi , which is an n+-invariant
vector φ(wi11 , . . . , w
im
m ) of weight
∑N
i=1 λi−
∑m
j=1 αij . Consider its projection onto⊗N
i=1 Vλi . By formula (5.3), the weight of this vector is
(5.4)
N∑
i=1
λi −
m∑
j=1
αij = −w0(λ∞),
and so it may be viewed as an eigenvector of the Gaudin algebra in the space
V G(λi),λ∞ =
(
N⊗
i=1
Vλi ⊗ Vλ∞
)G
.
By Theorem 4.11, the eigenvalues of the Gaudin algebra Z(zi)(g) on this
vector are encoded by the Miura transformation of the connection ∇, which is
precisely the oper τ with which we have started. Therefore we obtain the following
result.
Lemma 5.5. The two opers encoding the eigenvalues of the Gaudin algebra on
the Bethe vectors corresponding to two different solutions of the Bethe Ansatz
equations are necessarily different.
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Suppose that all opers in OpLG(P
1)(zi),∞;(λi),λ∞ are non-degenerate
1 and
that each of the Bethe vectors is non-zero. Then we obtain a map
OpLG(P
1)(zi),∞;(λi),λ∞ → SpecZ(zi),∞;(λi),λ∞(g)
that is inverse to the map (5.1) discussed at the beginning of this section.
Let us summarize our results.
Proposition 5.6. Assume that all LG-opers in OpLG(P
1)(zi),∞;(λi),λ∞ are non-
degenerate and that all Bethe vectors obtained from solutions of the Bethe Ansatz
equations (4.18) satisfying the condition (5.4) are non-zero. Then there is a bi-
jection between the spectrum of the generalized Gaudin Hamiltonians on V G(λi),λ∞
(not counting multiplicities) and the set OpLG(P
1)(zi),∞;(λi),λ∞ of
LG-opers on P1
with regular singularities at z1, . . . , zN ,∞ and residues ̟(λ1 + ρ), . . . , ̟(λN + ρ)
and ̟(λ∞ + ρ), respectively, which have trivial monodromy.
Moreover, if in addition the Gaudin Hamiltonians are diagonalizable and have
simple spectrum on V G(λi),λ∞ , then the Bethe vectors constitute an eigenbasis of
V G(λi),λ∞ .
The last statement of Proposition 5.6 that the Bethe vectors constitute an
eigenbasis of V G(λi),λ∞ is referred to as the completeness of the Bethe Ansatz.
We note that the completeness of the Bethe Ansatz has been previously
proved for g = sl2 and generic values of z1, . . . , zN by Scherbak and Varchenko
[SV].
We will discuss the degenerate opers and the corresponding eigenvectors of
the Gaudin hamiltonians in Section 5.5.
5.3. The case of sl2
In the case when g = sl2, we identify the weights with complex numbers. The
Bethe vector has a simple form in this case. We use the standard basis {e, h, f} of
sl2. Then
(5.5) φ(w1, . . . , wm) = f(w1) . . . f(wm)vλ1 ⊗ . . . vλN ,
where
f(w) =
N∑
i=1
f (i)
w − zi
.
The Bethe Ansatz equations read
N∑
i=1
λi
wj − zi
=
∑
s6=j
2
wj − ws
.
1It follows from the results of Mukhin and Varchenko in [MV2] that for some λ1, . . . , λN , λ∞ it
is possible that there exist degenerate opers in OpLG(P
1)(zi),∞;(λi),λ∞ even for generic values
of z1, . . . , zN .
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If these equations are satisfied, then this vector is a highest weight vector of weight
λ∞ (with respect to the diagonal action), and it is an eigenvector in
⊗N
i=1Mλi of
the Gaudin algebra
Z(zi),∞;(λi),λ∞ = C[Ξi]i=1,...,N/
(
N∑
i=1
Ξi
)
,
where Ξi is the ith Gaudin Hamiltonian given by formula (0.1).
Its eigenvalue is represented by the PGL2-oper
∂2t −
N∑
i=1
λi(λi + 2)/4
(t− zi)2
−
N∑
i=1
ci
t− zi
= (∂t − λ(t))(∂t + λ(t)),
where
λ(t) =
N∑
i=1
λi/2
t− zi
−
m∑
j=1
1
t− wj
.
In other words, the eigenvalue ci of Ξi on φ(w1, . . . , wm) is equal to
(5.6) ci = λi
∑
j 6=i
λj
zi − zj
−
m∑
j=1
1
zi − wj
 .
For g = sl2, all opers in OpLG(P
1)(zi),∞;(λi),λ∞ are non-degenerate for generic
values of z1, . . . , zN (for example, this follows from the results of [SV]).
5.4. Solutions of the Bethe Ansatz equations and flag manifolds
In Section 5.2 we considered only those solutions of the Bethe Ansatz equation for
which
(5.7)
N∑
i=1
λi −
m∑
j=1
αij
is a dominant integral weight. The reason for that was that we wanted to construct
eigenvectors of Z(zi)(g) in
⊗N
i=1 Vλi of weight (5.7). Since the Bethe vectors are
automatically n+-invariant, we find that such a vector can be non-zero in
⊗N
i=1 Vλi
only if this weight is dominant integral. In this case we may write it in the form
−w0(λ∞), where λ∞ is another dominant integral weight. Then the corresponding
Bethe vector gives us an eigenvector of Z(zi)(g) in the space
V G(λi),λ∞ =
(
N⊗
i=1
Vλi ⊗ Vλ∞
)G
.
We have seen in Section 5.2 that these solutions of the Bethe Ansatz equations
are in one-to-one correspondence with the Miura opers on P1 such that the cor-
responding oper in OpLG(P
1)(zi),∞;(λi),λ∞ is non-degenerate, and such that the
horizontal LB-reduction F′LB coincides with the oper
LB-reduction FLB at ∞.
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It is natural to consider more general solutions of the Bethe Ansatz equations,
i.e., those for which the weight (5.7) is not necessarily dominant integral. The first
step is to relate these solutions to Miura opers.
Suppose that we are given an arbitrary solution of the Bethe Ansatz equations
(4.18). By Proposition 4.10, we attach to it the connection ∇ on the LH-bundle
Ω−ρ on P1 whose restriction to P1\∞ reads
(5.8) ∇ = ∂t +
N∑
i=1
λi
t− zi
−
m∑
j=1
αij
t− wj
.
Recall the Miura transformation b
∗
(zi),∞;(λi),λ∞ introduced in formula (4.21).
Applying this map to ∇, we obtain a LG-oper τ . It has regular singularities at
z1, . . . , zN and ∞, and is regular elsewhere on P
1 (recall that the Bethe Ansatz
equations ensure that the oper τ is regular at the points w1, . . . , wm). Around the
point zi the oper connection reads
∇ = ∂t + p−1 +
λi
t− zi
+ reg .
and by applying the gauge transformation with λ(t) we can bring it to the form
(1.9). Therefore, according to Lemma 1.2, τ has no monodromy around zi, i =
1, . . . , N .
Let us consider the point∞. Since τ has no monodromy anywhere on P1\∞,
it cannot have monodromy at∞ either. By Lemma 1.2, the restriction of τ to the
disc around ∞ belongs to OpG(D∞)λ∞ for some integral dominant weight λ∞.
But then the commutative diagram (3.3) implies that the residue of ∇ at ∞ is
equal to w′(λ∞ + ρ) − ρ for some w
′ ∈ W . Writing w′ = ww0, we find that the
residue is equal to ww0(λ∞ + ρ) − ρ. On the other hand, using transformation
formula (3.2), we find that the residue of ∇ at ∞ is equal to
−2ρ−
N∑
i=1
λi +
m∑
j=1
αij .
Therefore we must have the equality
(5.9)
N∑
i=1
λi −
m∑
j=1
αij = w(−w0(λ∞) + ρ)− ρ
for some dominant integral weight λ∞ and w ∈ W . Thus, the oper τ belongs to
OpLG(P
1)(zi),∞;(λi),λ∞ , and so ∇ is an element of Conn(Ω
−ρ)gen(zi),∞;(λi),λ∞ .
Recall from Section 4.2 that for any curve U we have maps
b
∗
U : Conn(Ω
−ρ)U → MOpLG(U)gen, b
∗
U : Conn(Ω
−ρ)U → OpLG(U).
Let U = P1\{z1, . . . , zN , w1, . . . , wm,∞}. Then for any weights λ1, . . . , λN , λ∞
we have a subset Conn(Ω−ρ)gen(zi),∞;(λi),λ∞ of Conn(Ω
−ρ)U which is mapped by
the Miura transformation b
∗
(zi),∞;(λi),λ∞ into Op
RS
LG(P
1)(zi),∞;(λi),λ∞ (see formula
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(4.20)). But as we saw above, if the weights λ1, . . . , λN , λ∞ are dominant integral,
then the image is actually contained in even smaller set OpLG(P
1)(zi),∞;(λi),λ∞of
those opers which have trivial monodromy. Therefore we have a map
Conn(Ω−ρ)gen(zi),∞;(λi),λ∞ → OpLG(P
1)(zi),∞;(λi),λ∞ ,
which we also denote by b
∗
(zi),∞;(λi),λ∞ . The restriction of the corresponding map
b
∗
U to Conn(Ω
−ρ)gen(zi),∞;(λi),λ∞ gives us a map
b
∗
(zi),∞;(λi),λ∞
: Conn(Ω−ρ)gen(zi),∞;(λi),λ∞ → MOpLG(P
1)(zi),∞;(λi),λ∞ ,
where MOpLG(P
1)(zi),∞;(λi),λ∞ is the space of Miura opers on P
1 whose underlying
opers belong to OpLG(P
1)(zi),∞;(λi),λ∞ . We will show that the image of this map
is open and dense.
Let
MOpLG(P
1)gen(zi),∞;(λi),λ∞ ⊂ MOpLG(P
1)(zi),∞;(λi),λ∞
be the subvariety of those Miura opers whose horizontal LB-reduction satisfies the
conditions (1) and (2) of Section 5.2. We call such Miura opers non-degenerate.
Recall from Lemma 5.3 that the space of all Miura opers on P1 corresponding
to a fixed LG-oper τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ is isomorphic to the flag variety
LG/LB. Non-degenerate Miura opers corresponding to τ form a subvariety of
LG/LB which we denote by (LG/LB)τ . It is clear that (
LG/LB)τ is an open and
dense subvariety of LG/LB. Indeed, (LG/LB)τ is contained in the intersection Uτ
of finitely many open and dense subsets, namely, the sets of points of LG/LB which
are in generic relative position with φτ (zi) (each is isomorphic to the big Schubert
cell). The complement of (LG/LB)τ in Uτ is a subvariety of codimension one. This
subvariety consists of all points in LG/LB which are in relative position w with
φτ (x), x ∈ P
1\{z1, . . . , zN ,∞}, where w runs over the subset of W of all elements
of length l(w) ≥ 2. The subvariety of these points for fixed x has codimension
two, and therefore their union, as x moves along the curve P1\{z1, . . . , zN ,∞},
has codimension (at least) one.
It follows from our construction that the image of the map b∗(zi),∞;(λi),λ∞ is
contained in MOpgenLG(P
1)(zi),∞;(λi),λ∞ . Conversely, suppose we are given a Miura
oper in MOpgenLG(P
1)(zi),∞;(λi),λ∞ . Then we obtain a connection on w0(Ω
ρ) =
F′LB/
LN , and hence a connection on Ω−ρ. It follows from Lemma 3.5 that this
connection belongs to Conn(Ω−ρ)gen(zi),∞;(λi),λ∞ . Moreover, in the same way as in
the proof of Proposition 3.3 we find that we obtain a map
MOpgenLG(P
1)(zi),∞;(λi),λ∞ → Conn(Ω
−ρ)gen(zi),∞;(λi),λ∞
that is inverse to b∗(zi),∞;(λi),λ∞ .
Therefore we obtain the following result.
Lemma 5.7. The map b∗(zi),∞;(λi),λ∞ is a bijection between Conn(Ω
−ρ)gen(zi),∞;(λi),λ∞
and MOpgenLG(P
1)(zi),∞;(λi),λ∞ .
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Combining Lemma 5.7 and Proposition 5.2, we obtain
Theorem 5.8. The set of solutions of the Bethe Ansatz equations (4.18) is in bi-
jection with the set of points of MOpLG(P
1)gen(zi),∞;(λi),λ∞ , where λ∞ satisfies (5.9)
for some w ∈W .
By Proposition 3.4, the points of MOpLG(P
1)gen(zi),∞;(λi),λ∞ which satisfy for-
mula (5.9) with a fixed w ∈ W are those Miura opers for which the value of φτ at
∞ belongs to the Schubert cell
Sww0 =
LBw0ww0
LB ⊂ LG/LB.
Therefore such Miura opers correspond to the points of intersection of (LG/LB)τ
and Sww0 .
Note that except for the big cell S1, the intersection between the Schubert
cell Sww0 and the open dense subset (
LG/LB)τ ⊂
LG/LB could be either an open
dense subset of Sww0 or empty.
2 We make the statement of Theorem 5.8 more
precise as follows:
Theorem 5.9. The set of solutions of the Bethe Ansatz equations (4.18) decomposes
into a union of disjoint subsets labeled by OpLG(P
1)(zi),∞;(λi),λ∞ . The set of points
corresponding to LG-oper τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ is in bijection with the set
of points of an open and dense subset (LG/LB)τ of the flag variety
LG/LB.
Further, each of these solution must satisfy the equation (5.9) for some w ∈
W , and the solutions which satisfy this equation with a fixed w ∈W are in bijection
with an open subset Sww0 ∩ (
LG/LB)τ of the Schubert cell Sww0 =
LBw0ww0
LB.
Remark 5.10. In [MV1] (resp., [BM]), it was shown, by a method different from
ours, that in the case when g is of types An, Bn or Cn (resp., G2) and z1, . . . , zN
are generic, the set of solutions of the Bethe Ansatz equations satisfying (5.9) is
in bijection with a disjoint union of open and dense subsets of Sw. The connection
between the results of [MV1] and our results is explained in [F3].
In [F3] we obtained a generalization of Theorem 5.9 to the case when g is an
arbitrary Kac-Moody algebra.
5.5. Degenerate opers
By Lemma 5.7 we have a bijection between the set Conn(Ω−ρ)gen(zi),∞;(λi),λ∞ and
an open subset MOpgenLG(P
1)(zi),∞;(λi),λ∞ of non-degenerate Miura opers in
MOpLG(P
1)(zi),∞;(λi),λ∞ .
Now we wish to extend this bijection to the entire set MOpLG(P
1)(zi),∞;(λi),λ∞ . To
any point of MOpLG(P
1)(zi),∞;(λi),λ∞ we can still assign, as before, a connection
∇ on Ω−ρ with regular singularities at z1, . . . , zN ,∞ and some additional points
2For example, it follows from the results of Mukhin and Varchenko in [MV2] that sometimes this
open set may not contain the one point Schubert cell Sw0 ⊂ G/B even if we allow z1, . . . , zN to
be generic.
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w1, . . . , wm. By Proposition 3.4, the residue of∇ at zi (resp.,∞, wj) must be equal
to yi(λˇi+ ρˇ)− ρˇ (resp., y∞(λˇ∞+ ρˇ)− ρˇ, y
′
j(ρˇ)− ρˇ) for some elements yi, y∞, y
′
j ∈ W .
Hence this connection has the form
(5.10) ∂t +
N∑
i=1
yi(λi + ρ)− ρ
t− zi
+
m∑
j=1
y′j(ρ)− ρ
t− wj
.
Considering the expansion of this connection at∞, we obtain the following relation
(5.11)
N∑
i=1
(yi(λˇi + ρˇ)− ρˇ) +
m∑
j=1
(y′j(ρˇ)− ρˇ) = y∞w0(−w0(λˇ∞) + ρˇ)− ρˇ.
Let Conn(Ω−ρ)(zi),∞;(λi),λ∞ be the set of all connections of the form (5.10)
whose Miura transformation belongs to OpLG(P
1)(zi),∞;(λi),λ∞ . Using Lemma 5.3,
we then obtain the following generalization of Lemma 5.7 (see [F3]):
Theorem 5.11. There is a bijection between the sets Conn(Ω−ρ)(zi),∞;(λi),λ∞ and
MOpLG(P
1)(zi),∞;(λi),λ∞ . In particular, the set of those connections in
Conn(Ω−ρ)(zi),∞;(λi),λ∞ which correspond to a fixed
LG–oper τ ∈ OpLG(P
1)(zi),∞;(λˇi),λˇ∞
is isomorphic to the set of points of the flag variety LG/LB.
Moreover, the residues of these connections must satisfy the relation (5.11)
for some y∞ ∈ W . The set of those connections which satisfy this relation is in
bijection with the Schubert cell LBw0y∞
LB in LG/LB.
Consider, in particular, the unique Miura oper corresponding to an oper
τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞
in which the two Borel reductions coincide at ∞ (it corresponds to the one
point Schubert cell LB in LG/LB). Let ∇τ be the corresponding connection in
Conn(Ω−ρ)(zi),∞;(λi),λ∞ . It has the form (5.10) and its residues satisfy the relation
(5.11) with y∞ = w0:
N∑
i=1
(yi(λi + ρ)− ρ) +
m∑
j=1
(y′j(ρ)− ρ) = −w0(λ∞).
The oper τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ is degenerate if and only if either some of
the elements yi are not equal to 1 or some of the elements y
′
j have lengths greater
than 1 (i.e., are not simple reflections).
Observe that we can write yi(λi+ρ)−ρ as λi minus a combination of simple
roots with non-negative coefficients, and likewise, y′j(ρ)−ρ is equal to minus a linear
combination of the simple roots with non-negative coefficients. It is instructive to
think of the connection ∇τ corresponding to degenerate opers as the limit of a
family of connections corresponding to non-degenerate opers, under which some
of the points wj ’s either collide with some of the zi’s or with each other (leading
to the degeneracies of types (1) and (2), respectively). The resulting residues of
the connection become the sums of the residues of the points that have coalesced
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together. Proposition 3.4 places severe restrictions on what kinds of residues (and
hence collisions) can occur: namely, at the point zi the residue must lie in the
W–orbit of λi, whereas at the additional points wj the residues must be in the
W–orbit of 0 (under the ρ–shifted action of W ).
We expect that if z1, . . . , zN are generic, then for any τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞
we have yi = 1 for all i = 1, . . . , N in the connection∇τ . In other words, this Miura
oper satisfies condition (1) from Section 5.2, but may not satisfy condition (2), that
is at least one of the y′j ’s is not a simple reflection.
Suppose that τ is such an oper, so in particular we have
(5.12)
N∑
i=1
λi +
m∑
j=1
(y′j(ρ)− ρ) = −w0(λ∞).
Then we can still attach to the connection (5.10) an eigenvector of the gen-
eralized Gaudin hamiltonians in V G(λi),λ∞ with eigenvalue τ by generalizing the
procedure of Section 4.4.3
More precisely, suppose that the residue of λ(t) at wj is equal to y
′
j(ρˇ) − ρˇ
for some y′j ∈ W . Then the expansion of this connection at wj is µj(t−wj), where
µj(t) =
y′j(ρˇ)− ρˇ
t
+
∑
n≥0
µj,nt
n, µj,n ∈ h
∗.
The condition that the oper τ has no monodromy at wj (i.e., that the Miura
transformation of the connection ∂t + µj(t) is regular at t = 0) translates into
a system of equations on the coefficients µj,n of this expansion. We denote this
system by Sj . Recall from Lemma 3.5 that when y
′
j = sij there is only one equation
〈αˇij , µj,0〉 = 0.
To see what these equations look like, we consider the example when g = sln.
The PGLn–opers may be represented by nth order differential operators of the
form
(5.13) ∂nt + v1(t)∂
n−2
t + . . .+ vn−1(t).
Let us identify the dual Cartan subalgebra of sln with the hyperplane
∑n
k=1 ǫk = 0
of the vector space span{ǫk}k=1,...,n. Then an
Lh–valued connection has the form
∂t +
∑n
k=1 uk(t)ǫk. The Miura transformation of this connection is given by the
formula
(5.14) ∂nt + v1(t)∂
n−2
t + . . .+ vn−1(t) = (∂t − u1(t)) . . . (∂t − un(t)).
The system of equations Sj is obtained by writing µj(t) as
∑n
k=1 uk(t)ǫk, substi-
tuting the functions uk(t) into formula (5.14) and setting to zero all coefficients in
3the construction outlined below was found by B. Feigin and myself around the time [FFR] was
written; it was explained in [F1], Sect. 5.6–5.8 in the case when g = sl3
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front of the negative powers of t in the resulting nth order differential operator.
For example, if y′j = sasb, |a− b| > 1, then we have
um(t) = −(δm,a − δm,a+1 + δm,b − δm,b+1)t
−1 +
∑
r≥0
um,rt
r,
and it is easy to write down the equations on the coefficients um,r corresponding
to the regularity of the operator (5.14) at t = 0.
The system of equations Sj also has a nice interpretation in the theory of
the Wakimoto modules. Namely, consider the Wakimoto module Wµj(z). Then it
contains a g[[t]]–invariant vector Pj if and only if the system Sj of equations on
µj(z) is satisfied. In the case when y
′
j = sij and µj(z) = −αijz
−1+ . . ., this is the
statement of Lemma 4.5; this vector is given by the formula eRij ,−1|0〉 in this case.
In general the formulas for these vectors are more complicated. They can probably
be obtained as the limits of the Bethe vectors corresponding to small deformations
of the highest weights λi.
It follows from the definition that for our connection ∇τ the systems Sj
are satisfied for all j = 1, . . . ,m. Therefore each module Wµj(z) contains a g[[t]]–
invariant vector Pj . Then, in the same way as in Section 4.4, we obtain a homo-
morphism of ĝκc-modules
N⊗
i=1
Wλi(z) ⊗ V
⊗m
0 ⊗W
′
λ∞(z)
→
N⊗
i=1
Wλi(z) ⊗
m⊗
j=1
Wµj(z) ⊗W
′
λ∞(z)
,
which sends the vacuum vector in the jth copy of V0 to Pj ∈ Wµj(z). Therefore,
composing the corresponding map of the spaces of coinvariants with the functional
τ(zi),(wj) introduced at the end of Section 4.3, we obtain a linear functional
τ˜(zi),(wj) : H((Wλi(z)),W
′
λ∞(z)
)→ C.
By construction, τ˜(zi),(wj) is an eigenvector of the Gaudin algebra Z(zi)(g), and
the corresponding eigenvalue is given by the LG-oper b
∗
(zi),∞;(λi),λ∞(∇τ ) = τ .
Continuing along the lines of the construction presented in Section 4.4, we
obtain an n+–invariant vector in ⊗
N
i=1Mλi of weight
∑N
i=1 λi +
∑m
j=1(y
′
j(ρ) − ρ),
which, according to formula (5.12), is equal to −w0(λ∞) which is a dominant inte-
gral weight. The projection of this vector onto ⊗Ni=1Vλi gives rise to an eigenvector
of the Gaudin algebra Z(zi)(g) in V
G
(λi),λ∞
with the eigenvalue corresponding to
our degenerate oper τ .
Thus, we have assigned to any oper τ in OpLG(P
1)(zi),∞;(λi),λ∞ such that
the corresponding special connection ∇τ satisfies condition (1) that yi = 1, for all
i = 1, . . . , N , in (5.10), an eigenvector of the Gaudin algebra in V G(λi),λ∞ with the
eigenvalue τ .
The next question is what happens if ∇τ has yi 6= 1 for some i. In this case
the above construction gives rise to an eigenvector of the Gaudin algebra Z(zi)(g)
in the space
(⊗Ni=1Myi(λi+ρ)−ρ)
n+
−w0(λ∞)
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of the diagonal n+–invariants of ⊗
N
i=1Myi(λi+ρ)−ρ of weight −w0(λ∞).
Now recall that for any dominant integral weight λ and y ∈ W the Verma
module My(λ+ρ)−ρ is a g–submodule ofMλ. Hence ⊗
N
i=1Myi(λi+ρ)−ρ is naturally a
subspace of ⊗Ni=1Mλi . It is also a gdiag–submodule of ⊗
N
i=1Mλi which is contained
in the maximal proper gdiag–submodule I(λi). The quotient of ⊗
N
i=1Mλi by I(λi) is
isomorphic to ⊗Ni=1Vλi . We have thus associated to∇τ an eigenvector of the Gaudin
algebra in⊗Ni=1Mλi with the eigenvalue τ , but this eigenvector is inside its maximal
proper gdiag–submodule I(λi). Some sample computations that we have made in the
case when g = sl2 suggest that in this case the generalized eigenspace of the Gaudin
algebra in (⊗Ni=1Mλi)
n+
−w0(λ∞)
corresponding to the eigenvalue τ has dimension
greater than one and that its projection onto (⊗Ni=1Vλi )
n+
−w0(λ∞)
≃ V G(λi),λ∞ is non-
zero. In other words, we expect that in this case there also exists an eigenvector
of the Gaudin algebra Z(zi)(g) in V
G
(λi),λ∞
with the same eigenvalue τ .
If true, this would explain the meaning of the degeneracy of the connec-
tion ∇τ at the point zi. Namely, for some special values of zi it may happen
that some of the eigenvalues of the Gaudin operators in (⊗Ni=1Vλi)
n+
−w0(λ∞)
and
in (I(λi))
n+
−w0(λ∞)
become equal. Then they may combine into a Jordan block
such that the eigenvector in (⊗Ni=1Vλi)
n+
−w0(λ∞)
is only a generalized eigenvector
in (⊗Ni=1Mλi)
n+
−w0(λ∞)
. If that happens, we can no longer obtain this eigenvector
by projection from (⊗Ni=1Mλi)
n+
−w0(λ∞)
(but we could potentially obtain it by con-
sidering the family of eigenvectors corresponding to small perturbations of the
zi’s).
Let ⊗Ni=1Myi(λi+ρ)−ρ be the smallest g
⊗N–submodule of ⊗Ni=1Mλi in which
the corresponding “true” eigenvector in (⊗Ni=1Mλi)
n+
−w0(λ∞)
is contained. We be-
lieve that this is precisely the situation when the connection ∇τ develops a singu-
larity with residue yi(λi + ρ)− ρ at the point zi.
Let us summarize the emerging picture. According to Proposition 5.1, we
have an injective map from the spectrum of the Gaudin algebra Z(zi)(g) occurring
in V G(λi),λ∞ to OpLG(P
1)(zi),∞;(λi),λ∞ . We wish to construct the inverse map, in
other words, to assign to each oper τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ an eigenvector of
Z(zi)(g) with eigenvalue τ in V
G
(λi),λ∞
. (Here we will not discuss the question as to
whether Z(zi)(g) acts diagonally on V
G
(λi),λ∞
and whether there are multiplicities.
It is known that Jordan blocks occur even in the case when g = sl2, though it is
expected that for generic zi’s the action of Z(zi)(g) is diagonalizable and has simple
spectrum. Here we will only discuss the spectrum as a set without multiplicities.)
First, we associate to τ the Miura oper in which the horizontal Borel reduction
coincides with the oper reduction at the point ∞. This Miura oper gives rise to a
connection ∇τ ∈ Conn(Ω
−ρ)(zi),∞;(λi),λ∞ . It has the form (5.10), and the residues
satisfy the condition (5.12).
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The simplest situation occurs if all elements yi in (5.10) are equal to 1 and all
elements y′j are simple reflections. This is the situation where Bethe Ansatz is ap-
plicable. Namely, as explained in Section 4.4, we assign to ∇τ a certain coinvariant
of the tensor product of the Wakimoto modules, which gives rise to an eigenvector
of Z(zi)(g) with eigenvalue τ in V
G
(λi),λ∞
. This is the Bethe vector given by an ex-
plicit formula (4.22). It was believed that this was in fact a generic situation, i.e.,
for fixed λ1, . . . , λN , λ∞ and generic z1, . . . , zN the connection ∇τ satisfies these
conditions for all opers τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ . But recent results of Mukhin
and Varchenko [MV2] show that this is not the case. Hence we analyze the possible
degeneracies.
The first type of degeneracy that may occur is the following: while all elements
yi in (5.10) are still equal to 1, some of the elements y
′
j are no longer simple
reflections. We expect this to be the generic situation. In this case we can still
construct an eigenvector of Z(zi)(g) with eigenvalue τ in V
G
(λi),λ∞
, as explained
above. A formula for this vector will be more complicated than the formula for
a Bethe vector, but in principal such a vector can be obtained by an algorithmic
procedure.
The most general and most difficult case is when some of the elements yi
are not equal to 1 and some of the elements y′j are not simple reflections. In
this case, as explained above, we still believe that there exists an eigenvector of
Z(zi)(g) with eigenvalue τ in V
G
(λi),λ∞
. But this eigenvector cannot be constructed
directly, by using the Wakimoto modules, as above. Indeed, our construction using
the Wakimoto modules gives eigenvectors in ⊗Ni=1Mλi , but we expect that in this
most degenerate case the eigenvector in V G(λi),λ∞ cannot be lifted to an eigenvector
in ⊗Ni=1Mλi (only to a generalized eigenvector). However, one can probably obtain
this eigenvector by considering families of eigenvectors corresponding to small
perturbations of the zi’s or λi’s.
Finally, there is a question as to whether all of the eigenvectors constructed
by means of the Wakimoto module construction (including the Bethe vectors) are
non-zero. It was conjectured by S. Chmutov and I. Scherbak in [CS] that the Bethe
vectors are always non-zero for g = sln.
Now we propose the following conjecture:
Conjecture 1. For any set of integral dominant weights λ1, . . . , λN , λ∞ and an ar-
bitrary collection of distinct complex numbers z1, . . . , zN there is a bijection between
the set OpLG(P
1)(zi),∞;(λi),λ∞ and the spectrum of the Gaudin algebra Z(zi)(g) in
V G(λi),λ∞ (not counting multiplicities).
We do not know whether one can prove this conjecture by following the
strategy outlined above. Rather, one should view the above discussion only as an
explanation of the link between this conjecture and the traditional Bethe Ansatz
conjectures. What we have in mind is a completely different approach to proving
this conjecture that is suggested by the geometric Langlands correspondence. We
conclude this section by briefly outlining this approach.
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As explained in [F1] (following the work [BD1] of A. Beilinson and V. Drin-
feld), to each LG–oper τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ one assigns a D–module F˜τ
on the moduli stack BunG(P
1)(zi),∞ of G–bundles on P
1 with B–reductions at
the points z1, . . . , zN ,∞. This D–module is a Hecke eigensheaf whose “eigen-
value” is the flat LG–bundle on P1\{z1, . . . , zN ,∞} obtained by forgetting the
LB–reduction of τ . This flat LG–bundle has trivial monodromy and hence is iso-
morphic to the restriction to P1\{z1, . . . , zN ,∞} of the trivial flat
LG–bundle on
P1.
On the other hand, one can show that the D–module that we construct on
BunG(P
1)(zi),∞ “does not depend” on the B–reductions at the points zi and ∞,
i.e., it is a pull-back from a D–module Fτ on the moduli stack BunG(P
1) of G–
bundles on P1. This D–module is a Hecke eigensheaf whose eigenvalue is the trivial
LG–bundle with the trivial connection.
The moduli stack BunG(P
1) has an open part Bun◦G(P
1) corresponding to the
trivial bundle, whose preimage in BunG(P
1)(zi),∞ is isomorphic to (G/B)
N+1/Gdiag.
We expect that the following two properties hold: (a) the Hecke eigensheaf
Fτ is non-zero for any τ ∈ OpLG(P
1)(zi),∞;(λi),λ∞ , and (b) the restriction of any
non-zero Hecke eigensheaf on BunG(P
1) to Bun◦G(P
1) is necessarily also non-zero.
Suppose that these properties hold (in the case of sl2 property (a) can be
proved using the Sklyanin separation of variables discussed in [F1]). Then we obtain
that the restriction of the D–module F˜τ on BunG(P
1)(zi),∞ to (G/B)
N+1/Gdiag
is a pull-back of a non-zero D–module on Bun◦G(P
1), and hence is isomorphic to
a direct sum of copies of its structure sheaf, considered as a D–module. This, in
turn, is equivalent to the existence of a non-zero eigenvector of the Gaudin algebra
with eigenvalue τ in V G(λi),λ∞ , as explained in [F1]. Hence we obtain a proof of
Conjecture 1. We hope to return to this question in a future publication.
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